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PREFACE.

Almost all the standard books on Co- ordinate‘ .
Geometry available in the market have been designed, mat -
ta meet the requirements of any particular class “of
students, but to deal with the subject mores .01' less
exhaustively. ‘The result is that whereas a~\candidate
going up for his Intermediate Examinatiodnhas to omit
large portions of these books here azg}l there which
naturally detracts from his satis\factwn of having
mastered the boek,{;@g@&y,dal&]ﬁﬂ;gﬁggg&ggqg] for his degree
examination has to wade thrdugh a mass of elementary
and unimportant matter w}ﬁ& is an avoidable encroach-
ment upen his precious tim:e."

To meet the nee;d&of the students preparing for the
Intermediate Exg\mmatmn, we brought ount our Co-
ordintate Geome’cxy for Intermediate Classes, whose second
edition is b in the press. The present volume isa
natural s’eqt(el to it and is designed to suit the needs
of B 3\and B.3c. students.

Sm‘ne of the special features of the book are (—

1. Every attempt has been made fo see that it
covers the course of B.A., and B.Sc, students in every
Tndian University.

9. Propositions which are too simple and elementary,
o be treated in detail in an advanced treatise, have heen



( iv )

taken for granted, except for a statement of their results
for ready reference.

3. Propositions at which the students generally

fumble have been carcfully explained

illustrated.

4, The number of examples is large enough

and suitably

O\

N ¢
<O

t&\dive

A W

a good grounding of the subject, but not so dl‘-p{YﬂROfthll—

ately large as to scare away the reader.

A1n1o:>t every

important book article has a few attadied exa.mp]ca to
afford practice in its application.

o\

Asin the case of our earlier bbck no originality is
claimed for this volume olther. “All books available on
ther wubjéraulibver boay. lﬁrqely consu]ted and drawn uport,
and our grateful thanka ate due to their authors and

publishers,

Al that we “elaim is the presentafion of the

subject in a handiep{form for the students of B.A. and

B.Sc,, classes, bdsg

ding over mote

on an experience of teaching exten-
n two decades.

We @ope the book will serve the purpose for which

it is ﬁended

Meemt.
1-7-42,

Madan Mohan
Kailash Prakash
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CHAPTER 1

ELEMENTARY

N

oA
1-1. In the Cartesian System of Co-ordinates, the' -
position of a point in a plane can be definitely fixed, , 1f‘ its
distances along two fixed intersecting straight 'l\i}aes are
known, There can be many other ways of“fixing the
positior of a point. We propose to discuss bere one of
these wviz. The Polar System of Co-ordiadf?s.

1.2, Given a line in a plane and at%véint on this line, the
position of any poing tn this @M{ﬁ%&;@o{g%jﬁxei if (i) dts
distance from the given point,and (i) the angle which the
line joining it to the given point makes with the given line,
are known. B

74\

Let 4'A bethe ()"

given line, and Q\\ '

the given poil}tfon‘

it. ‘The posi fon

of any poin P s

knom\if"op and

thgl’; Y. POA are 4
\L:ﬁown P, we may say, is the point (OP,/ POA.)

3

V' The fixed line is known as the Iuitial line, and the
fixed point as the Pole. OP is known as the Radius Vector
or the r—co-ordinate and is generally denoted by ». Angle
PO A4 is known as the Vectorial Angle or the g—co-ordinate
and is generally denoted by 6.

'E’ (r, 9)




2 ' CO-ORDINATE GEOMETRY

The radius vector is positive, if it be measured
from the pole in the same direction as the boundary line
of the vectorial angle, and megative if measured in the

opposite direction, A\

The wvectorial angle is positive, if it be measm‘\ed
from the inifial line in the anti-clockwise dlrectiﬁm and
negative, if measured in the clockwise directiom, \ .~

(™

P (d) M

E1
Figure 1 igure JT

W W, dbrauhbrary org ins \g
Thus in Fig. I, aﬁd « both are positive; in .
C Fig, I1L b is nega‘gw‘&and « is positive; in Fig. ITI, b °

and « are both n &fative; whereas in Fig. IV, b is positive
and « is negati{é.,}

Figws HI Figwe v < P (b, —o}

The system where the point is so defined is known as -
the Polar System of Co-ordinates. '

It is clear from the above that the same point is "
denoted by each of the four sets of polar co- ordinates,

. 6 (=nate). {rn~(2a=6) }, | =r,=(x-g)} .
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It is also clear that adding 2= or any multiple of 2=
to the vectorial angle of any point does not alter the
position of that point,

Ex 1. Determine the positions of the points

{3,30°, (—3,30°), (—3, —30°) and (3, — 30°) ¢\
and find the area of the figure obtained by joining them, :\"}\ -
l“}‘
Ex, 2. Where do all points lie whose t
{a) Vectorial angles are \:"\.\\.
{i) Zero, (i) 30° and (iii) any constant.
\ /

{b) Radii vectores are
{iy 5, (i) —3 and (iii} anz™ amstant

1'3. To establish a velation bsfwsen the Cartesians and
e Polars. WO dbraullbrary org.in

Case 1. When the pole;;muczdss with the origin, and
the initial line lies alongOne of the axes of co-ovdinales, say

the axis of x. )
LA
Let (x, y) beg the cartesian and (r, &) the polar co-ordi-
nates of the p&mt P.

and g=tan " yjx } 0 _ X

'\“' : Ve
It Is ~qmte evident from
the fgure, that . C {m9)
’..\\: . peme s emaa e a P !
\ x=r cos § } (1’) /lf ! (fs é)
d y:?‘ Siﬂ [ A t P !
First squaring and add- 7 Ly
ing, and then dividing one .’ :
by the other, we get < . !
r 5 1
r=x+y ! ) R !



4 CO-ORDINATE GEOMETRY

Case II. When the
pole coincides with the Y
origin and the initial
line is inclined at any

angle « to the axis of x.

In this case

gt LD

And, as before

=2y
ezmn_‘[ _Ji - "'(1.1')

X . A}
www.dbraulibrary . org imsg®

Case ITL.  When thespole is situated at the point (a, b)
referred fo the mm‘@nguﬁaf
system, and me\\mmal line i
is pamlﬁeﬂ to  pne of the axes,

say tke axis of x.

i'\'“ (5,45
“;;El*ﬁé - ]

AN x=7 cos Bta ,
”\,“ y=r sin g+b ]f ~(0)

So that
Y=(x—a)+(y -b)?

f==tan"* 2’:_5
X-a

(i) O X
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Case IV. When the pole is situated at the point (a, b}
veferred lo the recian-
gulay system, and the
initial lne 1s inclined
at any given angle «
do one of the axes,

say the axis of x.

This is a combina-
tion of Cases I and
III, Tt canbe easily

0 4 : X
seen that here A ™
www.dbraudibrary org.in
oyt | O e 0
y=r sit (G+=) b N -
and #2=(x ~a) +(yx“‘b _
R\ o (G
g—tan~! y*b - )
Ko
"/

asti?ns () in all these cases give the Carfesians in
term;%f ‘the Polars and equations (¢#) give Polars in terms
of the Cartesians.

" \ J

\/  In the above figures the point P is seen to be in the
first quadrant. This should not lead the student to
suppose that the results arrived at are true only for
positions of the point in the first guadrant. He may
proceed with his point in any other quadrant, and he will
see that the same results hold good.
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Case I is by far the most important and its application
is frequently required. Others are of rare occurrence.
Whenever a change from one svstem to the other is
suggested, unless anything is stated to the contrary, a\
transformation of Case I should be presumed.

~~ ’
2N

7'\
E¥. 1. Pind the polar co-ordinates of the points whese ree-
tangnlar co-ordinates are

N
(3, 0); (5, ~6); (—5.0); (0,—d); (=2 4)
Ex. 2. Find the rectangular co—ordi.na.ge{\gf the points whose
polar co-ordinates are ) '\ &
(8, 60°); (5, 30°); (9, 135°); {2.—69‘}1{—1, 45°) and {—4, —30°)

/
< M

B IR PR rn i

(i} y=mrtc N\ {#) x4 y2=n*
(#8)  #%fai+yefer=mg (i) y2=qax
(v} ay*=x?(z=wg) (v} #(x*+y2) =a?(y?—+)
(vid)  #3=yB(2ax) (i) y3=(r—a)?(x—b).
N
Ex. & \ lgéduce to the cartesian form :—
@'«)\'faos {6—2)=p (8} r=2acoss
{5y r=a sin ¢ cos ¢ (i)  r=a cos 845
.%’(%) r=a (sin §+cos 4) (vi} 72=g2 cos 28
Q..;’.‘ (i) vceosg=a {viti} 7 singfz=a

N

7\
2 \¥; .
\/ 140, The distance between two points whose co-ordinates
are given is

(“) 'J(x; ;xg}g‘l“(yl "yz)za
if the points are {x,, v} and (%o, ¥2).
(I C. G. 2-10)
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(6} VnirE—2n7, cos (8; -h,).
if the points ave (vy, &) and (15, 6,)

N\

Forin the triangle OP Q)

PQ?=0P>4+0(2
-20P.00Q) ¢cos POQ
— iy

-2y, cos (B, —8,)

Hence

PO=yr2+tri~2rw, cos (6 ~ }~
WL dbrauhbl ary.org.in

1-5. The co-ordinates \ ‘of 'the point P (%, ¥) which
divides the distance betWéen P, (%, ) and P, (xg, ¥,) in

the ratio p : g are \"\
\ Pxﬁ-qx Bystay:

S AT
N g PR o BY—In
O - p-q Y P-q
Ny
aqoo"r}mg as P is a point of internal or external division
o:t‘P P.. (I. C. G. 2:20)

In Polars the co-ordinates of such a point are too

cumbersome to be of any practical use. Hence we do

not propose to discuss them here.

1°6. The area of the triangle whose angular poinis are

given is
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(@) %Y. “"zy1+xzys"xsya+xsy1"xl}’s), if the
angm?ar potnis are (%, ¥;), (%o Yo) and (%, V).
(L. C. G. 230)

O\
(B)  E{riresin(fy —6)) +757557n(8; ~6a)

Hrmsin(py —0,) ] {f\ tke
angular points are P (v, 6,), @ (r3, 6y) am\f%{(‘ T ).

NOT APQR = A OPQ4LOQR - AOPR
~:i}'*\=%"1"'2 sit (8y ~ 6y} 317 stn {B; - 8,) ~ 37y sin (6; —61)
~ ] _ _
‘\\: d =§{?‘1733 S (Qﬂl ”91)_‘"?2?3 S (93 _99) +73'71 St4 (91 "'93)} ’

The above expressions for the area will lead to a
positive result, if the angular points are so taken that in
passing round them in the order P, Q, R, the area of the

triangle lies to the left, Failure to observe this will
lead to a negative result,
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1'7. Changes in axes are velated lo changes in the
equations as follows '—

Ckaﬂge in axes Change in equation &N\
Omgm | Dzrectwn % ¥ KON
Moves to \ >

B, B) No change x4tk | x“‘ik&)
No chan eﬁ Tums\ €os 6 ! _;}U
g through ¢ b7 -~y sin Q\ 6-1-v cos g
J— . A - ’\_\ .4
Moves to Turns % cos 9 —{;u Sitolx sin g-+y cos 6|
(A, k) | through ¢ +k
“‘*‘ ’ (1. C. G. 3-40)
W dbramh;bl ary.org.in -
2 x
'{
O
P \
L ?
t"\:s.l
A
AN
'® )
P \ud
O
QN
N
o



CHAPTER 11
£\
THE STRAIGHT LINEK A o
e
2:10. The equation to the straight line cutting off
. . N
Intercepts @ and & from the axes of x and vis L\

(“~ .
wlatyib=1. (L,CHG. 4-20.}
2111, The equation to a straight lingJadlined at an

angle ¢ to the axis of 4, and cutting off @n'intercept ¢ on
the axis of v is x\’\\
Y==mxtc, o \d
where m==tan 4. \Y (I. C. G. 421}
242 datihratyohg o a straight line on which
the perpendicular from t,ﬁé:drigin is of length $, and is
inclined at an angle # bo the axis of %, is

* cos og—Ky:;\m L= (I C. G. £:22))

1
R

(B) To find\the polar equation to a stratght line on which
the perpepliieiiar from the pole is of length b, and is
P N - inclined at an angle «

to the initial line,

Let {#, #) be the co-
ordinates of any
point T on the given
line PQ. Then

OT cos (6 —«)=p
4 or v cos (9-%)=p
is the required equa-

9 tion.




THE $TRAIGHT LINE 1k

The above equation could also have been deduced from
that of () by substituting » cos ¢ for x and » sin ¢ for 3.
Ex, 1. Find the polar equation of a straight line

{i} atright angles to the initial line and at a distance
@ from the origin.

7\, ¢
() parallel to the initial line and at a distance @ frphr)y

the origin, ¢ \/
Ex. 2. What i5 the equation of a straight line perpcmlm\llar tor
p=¥ sin (84 K25\
\\'

and at the same perpendicular distance from the ofigih,
Ex. 3. Aline is drawn throu.gh the point\[¥,, 4,) perpendi-
cular to the line g=«+w/, shew that #\Tolar equation is

¥ 5in (§ =%) =¥, sin (5’5"—1\(;:
2:13. {2) The equation toﬁ!{gy%traight line passing
thmwghu_tﬂkﬁ-apuﬁ?ﬁi ~wgdn and (2", ¥7) is

.,‘ -

¥y Y wen) (LC.C. 45)

Yx"—x

by To ﬁmi\tke j)aﬁar equation te a straight line
passmg through the potnts P (r, £) and
Q\f}v 61}

Let R{r, &) be
any other po].nt on
this liney” Then

AORP+AOQR=N0QP
K (r,9) or ¥y sin{6y —6)

PR .
~O Q(%,8) -+ sin (6-6)
\/ . . =23 Fs sin (91 "Qg.)
0 “
‘Art. 146]
sin {Q; —92)+ sin (f2 &) _JI__sm {:J _Qi)z(l,
L 2

is the required equation,

&
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This equation could also have been deduced from the
previous eguation by changing cartesians therein to
the polars.

Ex. 1. Fipd the polar equation of the straight line passing
through the points :(—

(i} (a ,'i;_) and ( 3a, — :~§\"’ .

(ii) .(—3, 45°) and (7, 105°) N
A\,
@) (~o =) ona (—20 27

Ex. 2. A and B are two points whose, *j)vb}i'r co-ordinates are
{r, 8;) and (¥, #;) respectively Find;t}e co-crdinates of the
point where {he bisector of the angle AOB Cuts the line 4B.
2 v BRENPEE S O pérpenchcular from any point
P {«', ') upon the stra1g]1t hne Ax+By+C=01s
Ax + By +C
,‘v NayTEY:
If Cis a,aauﬁed negative, the plus or the minas sign
is taken dceor(ﬁng as P and the origin le on opposite

sides or, Same side of the straight line, If C is positive,
these sqgns are reversed.

(I. C. G. 512)

53 N ki TS . i
=1L m, is the tangent of the angle between

"\ the straight lines y=mt,x+¢, and y=mx-¢,.

{I. C. G. 521)
The sign preceding the above expression .is positive
or negative according as the angle is measured, starting

from the straight line y=m;x+e), in the counter-clock-
wise or the clock-wise direction.
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2'4. The equations to the bisectors of the angles bet-
ween the straight lines 25, v+¢,=0 and a8, y+¢,=~0
are

yx-+6 v+ ax4-b,y+c,
gy s (L. C. G. 5:40)
v aB bR v ayt by Ko \
The sign here is taken as positive or negative accordn)g
as the origin fies or does not lic within the angle of ‘W‘tuch

the bisector is required, provided that ¢, and ¢, both are
of the same sign. ~\

If either one or both the lines pass th ough the origin,
the above criterion fails. In the formef ease, the nature
of the intercepts which these bisectgs§ kit off on the axes,
and in the latter the nature of the angles which they
make with the axe‘y\*é’ﬁa‘iﬁéﬂ%bbw WiT&Ehtiate between
them, as will be ﬂlustratedv}:{} vthe following examples :—

Ex r. Find the eguaﬁ-iogas’bf Ehe interngl biseciors of the angles
of the wiangle formed by t»{a(h’ms.

Sx-+dy =1 212245y =9 and 8x=15y,
Let ABC be the g‘wen triangle.

‘The equations to the bisectors of %, \
the angles af X 4re ..

d¥+ &y :;\_ o 12545y —9
ST T T
\

Aé;.}che otigin does not lie
:ﬁthin the angle BAC, and
”\3 the constant term in both is by
V' of the same sign, the proper
equation to the internal bisector
at Ais

Sptdy—7 _  12x+dy—9

5 = i3
or 09x L 77y —136=0
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Again the equations to the bisectors at B are
1459 810y
13 B ¥

or 1007+ 280y —153 =0
and 308x—110y—153 =0

In this case the origin lies on one of the lines and not in s apy. Faf

the angles. Therefore the criferion of Art. 2-4 fails. But we segfrom
the figure that the internal bisector of the angle B cuts off g positive
intercept on the axis of ¥ and a negative intercept ofi th% axis of
¥, whereas the external one cufs off positive mﬁ{mepts on both
the axes. Hence the equation to the required biSt:c);OI is

3082 —110p ==133.

Also the equations to the bisectors at,Gf?x}é'
&
3x-+dy—7  EAEWy
] Y

W\arw dbr aullﬂﬂﬁ@léﬁgﬂimho
_ 9lx—7 j,—l”l@ 0
‘The internal bisector ~a:f.” € cuts off positive intercepts from
botl: the axes. Henceiff\equation is
~1}x+ 143y -~119=.0
Ex 2, 'md\?ke extcmai biseclors of the angles of the triangls
formed by the hhﬂ 6x 1 8y =9 with the axas.
The egw{aixons to the bisectors of the angles at 4
N\ 0
o§;."s’. r—2y—0=0
..;> and x4+ 18y —9=0 ¥

~"<f‘ Those at B are

"0\' W

\ 3

frt8By—6
1w T E
ie. dx—8y49=0
and 16x3-8y—8=0
And those at O are : ¥ ) -
. AE R

=
E4 N + \g

ie. x¥—y=0and xLy=0.

o
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By the criterion employed in the last example the external
bisectors at 4 and B are at cnce seen to be

6r—2p~9=0 and 4r—8y+9=0 respectively.

But for discriminating between the external and internal
bisectors at © even this criterion is not apnlicable, since both thege
biseetors pass through the origin atd bence have no inter(-epts\:\
on the axes, p .\

It is apparent from the figure, however, that for the mternal
bisectox at O, m iz positive whereas for the cxtema_{ bmector
it is pegative.* Hence the regnired external bmector 1s\z.’~+ Y=

Ex 8. The equations to the three sides d{\a trnngle are
2=3, v=4 and 424 3y=12, Find the equatlons\tn the bisectors of
the three angles of the triangle,

&

Ex 4. Find the internal bisectors oﬁ 'the angles of the triangle

whose sides are >
4x+3y+7=0, wﬂ\rhllaﬁm%‘!fbﬁal gudrgant 4y + 8 =0,

Ex. &. Find ihe internal bzséctors of the angles of the triangle
whose vertices are {(0,0), (83} “and (6,1}, Also find fhe angles
between these bisectors. 7§

2:81. Two ¢ I‘a,lght lines ax-+by+e,=0 and
&ox+by y-toy= o \terseet in

' b]Q;\ 52'-"1 618y — Oy

) , ‘
CAB b a; - aby ) (1. C. G. 5'50.)

2'{2\ ayx-+by y e+ & (@248, v4-2,)=0 is the equa-
tioa o a straight line passing through the point of
,a.(x‘bersect&on of the straight lines ax-+b v+, =0 and
4 iz byy -+, =0. (I.C. G.552.)
2-53. The coudition that the straight lines given by
ax+8y y1+6,=0, agx--by y-+ey=0and ax b, y+e,=0 meet

“in a point is |

7

* Both #m’s can not have the same sign because the twa
hisectors being perpendicular, their produnct is—1.
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ay {B,c3 —byea)+8; (Catt; — 63 ) C: (a:b;-ap,} =0

a, b, €,
i.e, a, b,  c&|=0
a; b, Cs

or 7N >

That three integers I, m, and # can be found such i{h\al%\
! (@b y+e )+ m(ax+b, y+¢) + n (ax+5, me)_
(1. PN G5 4.}

2+6. The co-ordinates of the in-centre of’\the triangle
whose angular points are A{wx, yQ (%5, ;) and
C#;, 3,), are

ax,+bx,+-cxy ﬂy1+®n+cys
a+b+c ° _\@fbdc

ThevwcoHoraibidbes Efot'genﬁ-’ﬁéntres of the above triangle

touchmg the sides BC, CA‘a:nd AB are

—a%, —]—bxﬂ—cxs —ay:+by.tey;
—Qﬁ—b-{—c ? —at+bte
K@, —bx,toxy  ay.—by.+oy,
O a-b+c ° a-b4-c
) 7 axtby, —cxs  aviby, —ovs
'\" at+b-c * atb—c
Wk\&é a, b and ¢ are the leugths of the sides of the
vriangle. (1. C. G. 560.)
."\ -
\ "/ 27. If an eguation of any degree whatever can be
\ broken up into factors, the locus represenied by this equation

is composed of the loct representsd by cach one of these
Jactors.,

As a simple illustration, let us consider the equation -
%2 ~y2==0 (1)
or (5-9) xH)=0 ... (2)
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Now (1) is satisfied by all those values of xandy
which satisfy any one of the two equations ’
x-{-y:(]} e {3)
and & -—-y=0
That is to sav, the co-ordinates of any point lying on
any one of the two straight lines given by (3} satisfy (1),

™\

Hence equation (1) represents the two straight lides

given by equation (3). .
Although the illustration chosenisa simpl;'\oii‘e, the
method followed is general, hence the propositien.

The converse of the above prdpositip]{\is‘ obvious viz.
that if a number of expressions in x.a0d y equated to
zero, giving a number of curves, benmltiplied together,

their- product equated tg, zeq \will be the combined
W w dbraulibeary of g.in

equation of all these curves, &)

. Ex. 1. Find the equations}{;otﬁe different curves represented
¥ — ..
{1} x3+6x2y—i-“}ixy2+ﬁy3=0
(i) #4—bxsp RBriy? —5xy34y4=0
i) (1442) 5 97) =~ (1+5)3(145%) =0
Ex. 2, Fiqu:tlie equation of the pair of siraight lincs
through (2,57 \Which make angles of 30° on each side of the
straight 1?1332%059 equation is
\“' 2y—x+1=0
"\ .
2;.:81. A homogenous equation of the second degree
Mig:L'(sg&‘au:Ld. v represents two straight lines passing through
\_the origin, real and different, coincident or imaginary™

according as A*> = or <ab, (L. C. G. 6-40.)

#The idea of imaginary straight lines has been introduced
to complete the theory and to keep up the uniformity of statements
itt Amalytical Geometry. As a matter of fact the same eguation
which represents a pair of imaginary straight lines, in reality
represents only o point, the point of intersection of these imaginary
straight lines,

2
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2-82. Tf 9 be the angle between the lines given by
ax2 +2hyy 4+ by =0, then

tan o= 2v'A% —abf(a+b). .
These straight lines are parallel if 52—gb, and at right
angles if g-+6=0. (I.C. G. 6:4L)

oA\
2:83. The equation to the hisectors of Li-le,a;rléles

between the straight lines given by ax2+2fa;yy’zl3by2=0

- xz _yz xy . ’:.\ . . )

i G A 4 TAC. G. 642,

s a-b" & ,{1‘ )
2-84. To find the condition that Qxe‘ General eguation

of the second degree i.c., the equation ()"

ax2+2kxy+by9+2gx$\2fy+c=0.

(whare B Pacfisnboas, 40 Ao agd, dAmy consiants) represents
@ paiy of straight lines, o\

I any one equatiom ‘tepresents two straight lines, by
art, 2¢7 # must bﬁu fesolvable into two linear factors.
Therefore the picblem before us reduces to finding the
condition that\t e given equation may be so resolvable,

Writidg the given equation as a quadratic in %, we have
CERBRYH) (B2 e =0 .. ... .. ... (1)
L X+ 2ax(ky+-g) + (hy + )%} = (hy+g)* — a(by*-+-2fy +-0)

O (@x Ry +g) =y (I ~ ab)+-29(gh - af)-L-g — ap....... (2)

In order that (2) may be resolvable into two linear

factors the expression on the tight must bea perfect
square

te. {gh—af)P=(h2 —ab) {g% - ac)
ov g —dafght a2 [P=hg? — abgr _ ach®+ahe
or  abot-2fgh —af? — b chp—p. - {3)
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The above expression is called the discriminant of the
goneral equation of the second degree, and is generally
denoted by A\.

The student acquainted with determinant notation
will see that

a kg .
A = fE 0 O
g f ¢ (..‘}‘. 3
Ex. 1. Show that the equation m’\: .

B2+ 172y + 12924 22231y 400
represents a pair of straight lines. Find their eqa{“tmns
Alss find the equation of the Stralght\k[ﬁes passing through

the origin and p. | .'

(i) Paraltel to AR dbrau[]bl ary org.in

{4i) Perpendicular to t]:u;ﬁg
Ex. 2. Prove that the equ'a:ﬁdn

a?{x cos #—y sin g)R=w? -2 -Bax sin 6—2ay cos §+a?
represents a pair of stragﬁh\b lines, and show that the perpendicular
distance from the ori@& ¥o eithet of the lines is unity,

Ex 3. Shl?\'&: that the equations
AN C8r2 1 dry~4y2—147+12y—5=0
and N 3x*—1lay-692422x—17p+7=0
-repress{t—bé’irs of straight lines, having one line in connson.
* 2 85. Given that the gemeral equation of the second
d%grea vepresents a pair of straight lines ; to find their
‘pomt of tniersection.

Tet as®+2hxy+byP42gx42 fy+e=0ciiinnnn, . (1)
be the general equation of the second degree, and let
(%, ) be the point of intersection of the straight lines

represented by it.



20 CO-ORDINATE GEOMETRY

On transferring the origin to {x, y.), it becomes
@ (w4 P 4-2h(x 42 Hy+y) +o(y+y )2 |
+ 28 () 2y -ty ) o=t

. N o]
or ax5+2kxy—f—bgf+2x(ax,+kyl—I—g)
T Rk A-by, )+ (ax 2420y, A
-+ by 512 gx, 4+ 2fv o) =0 \'\(2} |

As (2) now represents a pair of straight’ 1111@3 p’isqmg
through the origin, it must be a homogenous e/qu"l.tlon of
the second degree in x and y; fe., th@«c\s efficients of
x and y therein, as also the constant 3w must simul-

taneously be zeros. Ky NY
Whence  ax; Ay, +g=0 ...n.':?\. .................... e (B}
B oy f=0.80 e (4)

A/ dwbr%www 2+2gx +%fy . +o=0
From (3) and (4) v

— ’}’f— bg ~
T4 'K };e :
A T e 6)
) gh—af 0 { |
\)l: 2b _ 38 w

Hénce (?}g f{’ z{ gf;) is the required point.
'\~ 2T

et
\Gor Fquation to the bisectors of (1} is

-yl -x) (o)
a-=-b . A

N (x —x )

(Att. 2:83).

Exl. Pind the distance of th

e point of iptersection of the
straight lines §x2— 212y

+18x 420y =0 from the line y=2x+1

E#% 2. Find the co-ordinates of the foot o
from the point of intersection of 2y2__
to the straight line Sx—Ty=d,

I the perpendicnlar -
—3%y—2y2 4 5545y —3=0
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Ex 3. If the equation
ax?+ Bhxy by 4+ 2gx4 2fy4 =0

represenis two straight lines, prove that the square of the distance
of their point of fntersection from the origin is

c{atb) —f2—g?

T ah—h* A o
e
2:86, On the assumption that the general equatron _
of the second degree tepresents a pair of straight Meb

equation {5} of the previous article must be trite ;

i.e., ax 22w, p by B4 Qe +2fy,+c-—0 i
or  xy (ax,+hy, A g)Ly(kx;+byz+f)T gwfy1+6)=
or 8% +fy1+c—,,_ o ST {7}

[From (3) and (4)] *
J(vww &brauh bl ary or %
Substituting for * and 3’1 ftom {7), we have

“gbg —hf) f(af gh ;‘—c(kz-ab)zo
oy abc+2 fgh "*.szfg bg? —ch?=0

This method 0&1{ ’be looked upon as an alfernative
method for ﬁndmg the above condition. =

2-87, Gneﬂ that the general equation of the second
degree :réﬁe\sem‘s a paiv of straight lines ; to find the angle
betw Xﬁw pair.

Nt Let  ax®4-2hay4-by2 b 2gx+2fyHe=0uiicnn (1)
sb’e the general equation of the second degree, and let

' }’——m1x+01 and y=wiyx-4-c, be the equations to the two
lines represented by it.

Then

ax?+2hxy by 2ex 4+ 2fy ¢
=b (y —mx =) (y —mx —¢)=0...0..(2)
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From (2} o
R
e O (3)
mmy, = afb
& +e, = —2ffb o
e 7 } ............................... (4
oo, = cfb O\
MyCy et = 2l NS
Now if § be the required angle, (»'.‘;.
. — 4 MI‘ o ,,::;"'\:’
fan 8 a 14*1_%"% \
S +m, ), —\4;)11»;1
1—|—mkm
www dbr auhbral# ofg. m__ji%o—_i} ...................... {6}
.ct+b e

Thus if ax34-2kxy~',;§y9<—'{—2gx+2 fyv+e=0 represents
a pair of straight lins} the angle between this pair of
straight lines is {he same as the angle between
the pair rep\egenfed by the homogenous equation
axg+2hxy+by9~ .

In {ac,txsmce the values of my, andm, above depend :
only dn> 4, b and b (the co-efficients of the second degree
tesQ,s\ in the equation), if there be two second degree :

he'q?tatmns, each representing a pair of straight lines and
~Nidentical in their second degree terms, the straight lines '

'\‘ e/
3

given by one of these eguations are paraliel, eachto
each, to the straight lines given by the other equation.

Ex.l. What must be the values of % and $, so that the
equation
2x34hay+ 24283y 4 p=0
may tepresent. a pair of straight lines parallel to the pair
2x24 Bxy+y2 =0,
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Ex. 2. Find the equation to the pair of straight lites inter-
secting at (1, 2) and

(i) parallel
and (i} perpendicular
to the pair 4224+ 1Txy 4+ 15¥% =0

Ex. 3. Find the equation to the pair of straight lintes, st nght N
angles to those represented by x24-xy—8y3+Tr+43ly~18 =0, and
passing through their point of interseetion

s

2'9. To find the eguation to the straight h‘l;&;‘ jommg
the origin to the points in which the straight ime’\

Ixtmy=n....... {\; ....... (1)
intersects the curve given by \ N
axﬂ+2kxy+6y9+2gxwi-2fy+c—— veeeeene(2)

W dh}au‘[ b
Consider the equation forary-orgin

{
axt+2hay +by2+2 gx~[—fy) ( x—{—my)

‘ e (Ex-{—my) ceveenrnnnenn{3)

Values ¢ Of‘ % and y that satisfy eguations (1) and (2),
necessaq.l} satlsfy (3}; 4.e. the points that lie on the
Stm@t line (1) and the curve (2}, also lie on the curve
gwen by }. In other words points comion to (1)
"imd (2) lie on {3), or the curve given by (3) passes
v through the common points of (1} and (2}.

Also (3) being a homogenous equation of the second
degree represents a pair of straight lines passing through
the origin.

Therefore (3) is the required eguation.
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A handy working rule may be laid down thus :—

Make the equation to the curve homogenous with the help
of the equation fo the straight line. The resulting equation
represenis the two straight lines joiming the points of
intersection of the given curve and the given straight Zf:ng_,\
20 the origin. A

Ex 1 Prove that, if the circle A\ by
x4yt 2ex4-2fv4e=0 " 4N
intercepts on the line lr4-my=n a length which su{tends a right
angle at the origin, then
6{12 +m3) -F2nf aZ—{-fm —i—n-—{)

Ex. 2. Prove that the straight lines” }ommg the origin to
the points of intersection of the lings }\_x—z end the curve
6x2+12xy —8y%+8x—4y-12=0 make e,qual angles with the axes.

Ex, ww£ualgra 16 g0t w% li*aﬁ thc straight lines joining the
origin to the points of mte:rse on of the line y=mxr+c and the

2

LA
curve —, iz =1 may be commdent

O \ Examples.

1. Show bk{},t the equation Ay?4-(1 -725)xy —ixi=0
where 2 is_a{ Qonstant, represents a pair of perpendicular
straight litles. Obtain the equation referred to these as the
axes of}:o ordinates, of the straight lines whose equation
rebe\rred to the original axes is #(1 —2) (144} = TL7.

2 .’; 2. Show that the area of the triangle formed by the
Y Vines ax9+2hxy+by9—0 and lx4my-tn=0 is

v w/ i —ab ’
. o e vt [Agra Uni. 1934]
Y 8. Prove that the product of the perpendiculars {rom
. the origin on the lites represented by

ax’ - 2hyy +by 4285+ 2f +c=0 is O
VI {a-b)
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4. Find the distance between the pair of parallel
lines represented by

x5+2_‘ Bxy 439 - 3% - 3,73y - 4=0

5. Assuming that the general equation of the second

degree represents twa parallel straight lines, shew thath’
NS ¢

(6) af*=bg Q-

; {(#7) the distance between them is 2\f: a—i_a;}

6. The eguation ax*4-2hxy +by3+2g\xvr-2fy +e=0 re-
presents two straight lines at lg}?t angles to one
another. Prove that the SQUATEN of the distance of their
point of intersection from the ongm is

Fog W s dbtauhbral y.org.in
};24—%”' lAgra Uns. 1929]
7. If u—ax2-|~2kxy+?’y3+2gx+‘2fy+c: represents
a pair of straightedlcs, prove that the equation to the
third pair of gﬁmght lines passing through the points
where these fiiget the axesis

N cut4( fg - chay=0 (Agra Uni. 1932]

FJ»\i ax? - hxy+byt 4+ 25+ 2fy 4 c=0 represents a
Pai\o straight lines equidistant from the origin, prove
(Ehat
...\’. i o
\\W fA—giz=c (BF % —agh). [Agra Unt. 1933
~ 9. Show that the ortho-centre of the triangle formed
by the straight lines given by ax®+2hxy4-hy*=0 and

litmy=1 is a point (¥, ¥') such that
EA 24-&

I mo am® - Shlm-bm?
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10. A triangle has the lines ax®-1-2 hxy L by2 =0 for its
sides and the point (¢, d) for its ortho-centre. Prove that
the third side is (¢+8) (cx-+-dy)=ad? - 2hcd - be?.

11. Show that the distance of the origin from the ,
ortho-centre of the trangle formed by the lines
LA B ; o 1. (D) b (P}

7 + e =1 and ax*--2hxy - by=20 is e —thm%f\bmﬁ

12 T ax®+-2hay+by -t 2gx4-2fy+c=0 . ‘teDresents
a pair of straight lnes intersecting at{ ', '), the .
equation of the lines bisecting the.dngles between
them will be

-2 y-y ":.\\‘
ax+hytg Ry f
13. Shew that the straight“ines joining the origin
to the ‘%‘gfﬁfisbrgy Iiﬁl’cggfegjﬁ%ﬁ" of J;.he curves
axﬁ\';l-&k';j;—}- byﬂo F
and a'x,?ﬁl‘ak"xy+b’y2+ gx3=0 G-
will be at right ofipies, if
g (a'+¥") ~gi el 5) =0 [Agra Uni. 1928]
14, If the intercept on the straight line /% +my=1
by the fifye 2+y'—a® subtends an angle of 45° at the
origingghew that -
\~\ 4{;12 (gs_l_msz‘) _1} — {az (gz_!_mg) __2}2
D\
AN 15 Show that two of the straight lines represented
A by the equation ax3+b*y + exy? + dy3—0 will be at right
:\3 "~ angles if a* +ac+bi + P =0 [Cal. Uni, 1927]
1s. Show that the equation
At +y4) 4wy (12 =32 4+ beatyt=()
tepresents {wo pairs at right angles, and that the
two pairs will coincide, if

W=a (a+ 3c). [Alld. Uni. 1932.




CHAPTER III.

THE CIRCLYE

N
<

3.1. ({a) The equation to a circle having any point
{k, &) for its centre, and any length a for its radms\;s
(a—h)+ {(y —kpP=a (I C. G 7'20)
(b) To find the polar equation to a circle kaumb e point

(R, <} for its centre, and any length a for umdms
Take any point P
':Qn\“’the circle and

ey Yé;bkj’aurl afpPorg3@P . OC .cosPOC
+0C: =P~
ar
¥'— 2% R cos (§—=)
+ Ri=a®
is the required equa-

‘: = 4 tion
0 P \Y;
The Mquadratic nature of the above equation in »
ic?}fEa that OP will meet the circle in one more point.

\\’I‘he equation found above is the general equation to a

O\ oc1rcle in polar co-crdinates. Tor particular cases it will

:\; " be correspondingly simplified ; e.g.

Circle Egquation.
(i) Pole as the centre r=a,
(i} Pole on the circumference, and
the initial line passing through
r=2a cos 8.

the centre
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Cirele Equation.
(iii) Pole on the circumference, and
the initial line inclined at an
angle « to the line joining the
pole and the centre r=2a cos {§—«).

N ¢
A,
Ex. 1. Find the equation to acircle having the centre onughe™
initial line and y W

i) touching a straight line through the pole inql.iﬁed":it 45°
to the initial line, m'\ &
{ii} tonching a straight line parallel to the iditia¥iinc.

Ex 2. Find the polar equation to a c1x§e: the initial line
being a tangent. What does it beeomeﬂf( “he origin be on the
circumference ? \/

N4

Ex. 3. Progg ?‘“ﬁﬂ‘el‘?i“é‘}ioj}?" the circle described on the
straight ¢ Yotning of h%};'fl anil (5}.3@""} as diameter is

wﬂ—y(zcas (9—600)3&12;’505 {7 —30%) } +4/3=0.

Ex 4. The centre ofég ®ircle is the point

D" WWATEET, tan 1B1A)
Find its equatﬁs{h .

Ex. 5. Shéwithat the area of the rectangle contained between
the segments f the chords of a circle drawn through a given
point is gonstant ; and s the same as the square of the tangent
from{h'i:ipbint, if the point is outside the circle.

AN . . )

«\9711. The equation to the circle described on the line
(Njoining two given points (x, ;) and (x,, y,) as diameter

\ W

Vs e B—n)+ () -y =0 (L.C.G.722)

\

312, The npecessary und sufficient conditions that
the general equation of the second degree viz.
aa® 4+ 2hxy by + 2gm-2fy =0
may represent a circle are g=d, k=0 and g*4-fi—¢
positive, - (I. €. G. 7°31)



CIRCLE 29

3:13. The general equation to a circle canbe written in
the form z® v+ 2g%+2fy+e=0, {—g,—f ) beiug its centre
and giy fi—c¢ its radius. '

3:14. A point (&', 3’} les without, upon or within
the circle & +y%+ 2gx + 2fy4c=0, according as O\
o'ty 20 - 2fy o> = or <0 (I. C. G¢ 5)"

321, The co-ordinates of any point on j:ﬁe %:lrcle
#ityi=g’ in terms of a single varna{lﬂe g are
(¢ cos 6, @ sin ). For brevity the pmnt i called ‘8.’

\ »(1. C. G. 9°50).

3'22. The equation to the cho*f{iz\ joining two points
‘6, and ‘g’ on the circle #” +d_gmuﬁ}sa ry.orgin
=6

2
~d (L. C. G. 9°51).
“,\

3-31 The s¢$‘1ght line y=mzx-c intersects the circle
2'+yi=a’ injreal and different, coincident or imaginary
points acco:;dmg as

H  d<=or > a1+ ) (1. C.G. 8:20)

@ C0S 1+92—]— sin 871'}‘99’_& £os

"\§¢
‘3i32 If 1 bethe length of the chord intercepted by
thl\s circle on the line y=ma-¢, then
NS

\ § |=2v @ (1 Fm)—cf/ 1+ m? (L C. G. 820)

333. («) The straight line y=mx+-av'14m? is a
tangent to the circle a?+y2=a’ for all values of m, the
—-ﬂ?ﬂv“ £
N S R
(L C. G. 8:20 and 9:20.)

point of contact being
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() The equation to the tangent at the point
{#', »") to the circle

() a?+y*+2gr+2fy+c=01s

wx' +yy +g(x+ 2 )y + ) He=0 .

({i) B+y=atisxa’ +yy'=ad (L.CG & 1).

The equation of (%) could be deduced from (11)

' \

by subsBituting u—;-,:m N

L &/

am i i.s ,yag,:aQ]

or x= — , ¥ =—— = - [because %"
’1+m2 14m? O

(Y) ‘The equation to the Qzahgent at @' follows

from the equation of Arf 3'22 by pu‘ttmg py=f=6. Itis

e, dslaufﬁ%£+a’rg@ﬁ19~ . (1, C, G. 951)

The same could also ha‘ye been obtained by putting
m= —cos @ In the equa:tmn of («} or by putting

x=a c(ﬁs g, v=a sin / in the equation (j3) {if)

(3) ‘Thel met of intersection of the tangents at
6, and 4, isy

a gas\“m £os EL:-EE, asin1TPef o 1 f1-6s
O e 5 2 2

3334. The equation to the normal to the circle
x'N-y +2gx+ 2fy+e=0c al any point (', ') is
\ . 2 {f+y )~y (g+x)— fa' + gy =0 (ICGQ3)

YW 3:35, The length of the tangent from any point (', ¥')
to the circle 2%+ y* + 2ge + 2fy +o=0 is

Ly g 1 3y de (L.C.G. 940)

3-41. Through any peint two tangents, one tangent, of

no tangents can be drawn to a circle according as the point

les outside, upon or within the eircle, (I. C. G. 10-10)

N
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342, The equation to the chord of contact of the
tangents drawn from any point (a', 3’} to the circle
¥4y 4 2gx4-2fy4c=0
is
xx' +yy +gx+ )+ fly+y)4e=0. (1. C.G 1020)
3:43. 'The equation to the pair of tangents drawn fmm
any point {x', ¥') to the circle x*+ 42 +2gr+7fv+& ‘0 is
(32 + 5% + 3w+ Ay + )P +¥'* 4 B + 2 o)
={ma'+yy' +g{x+a +)ﬁ,(j91>r-yj+c}2
or \4
58'=17 ’::\\J (I.C. G. 10°3)
3'51. The polar of a point {_x’;}fj' with respect to
the circle x*4-y* +2gx+ 2fy+e=0 is
xx’ + v’ +glxtx ‘I—I—f\'&w;cﬂbl}ﬁhﬁh@ry OléIkl'C G. 1110
352, If the polar of & pdmt P passes through @ then

" the polar of @ passes through P, Points so connected

are called conjugate fowts. (I C.G 114

353 If théfolé of a line AB lies on CD, then the
pole of CD Mies on AB. Straight lines so connected are
called conjrigate lines.

3-’64;.\ "To find the locus of the middle points of a sysiem
of paxatlel chords y=mx+ i (wheve m 1s constant for the sysiem

.ai@d 4 is yarviable) of the civele ¥*-y*+ 2gx+ 2y +c=0.

Tet (%, y,) and (x,, v,) be the co-ordinates of the point
of intersection of the chord y=msx{i with the given
circle, then the two abeissae are the roots of % in

X+ (mx+ AV-2gx+ Of (mx A} +e=0.
or 2*(1+m?) + Ax(md+ g-Fmf )+ A2+2f +¢e=0

A4-g+-m,
RPN i e A

1+m?
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. 2 (A—gm—fm’)
Alse  yi+yv,= mn+x,)+ 2= Cam
If (%, %) be the middle point of the chord
P ntx ml+ g-+wf
2 I+m
g-+mf QY
or B+ 1+m3 = —mifl+md . ‘\'(1)
N1 Agm—fmd “‘ 3
2T 14w R
¢ £ +fm . J- ....... 2
or k42 T =AI+mi, ... O (2)
Eliminating 7 between (1 and \ve get
gy m( gm B

OJ'. fk+g|—f—mfk4—f'

Generalising the\c -ordinates 2 and 2, the required
locus is \\{' x+gtmi y+f)=0.

Obviously he above equation represents a straight
line pabcma\‘chrough( —& —f), the centre of the ecircle,
and pefpetidicular to the given system of parallel chords.
It I\Qled a diameter of the conic.

‘.\Everv straight line passing through the centre of a
\'”\,cm\le is thus a diameter, the straight lines at right angles

' foit being the system of the parallel chords which it
bisects,

If the equation to the circle be imr the simpler form

@'+ y?=a?, the corresponding diameter will be the straight
line a+my=0,
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3:62. To find the equation io the chovd of the circle
2P+ vi=a?, having (x|, ) for its middle point,

Let the equation to the chord be

g T 4 (1) (Art. 14),
cosy StHA \
{ \

The co-ordinates of any point on this chord are (%
X=x1+7¥ cos £ : :”:’«
1h7 e } ................... et .(2)
Y=y, +¥ sin g \\
Substitating from (2} in the equatmn to the circle
(2 -+ cos €4 {y 4+ sin 9)5;\93

oy P 42wy cos G+ 3 St ) +x12+y}la=3=0 ............ {3)
I im, 3) is the middle dppauhbﬂaﬂ ~thegghord, the

two values of # in (3) mu,s’s be equal in magnitude, hut
opposite in sign or their algeb?mc sum must be zero 1.e.
%y, o\os r-l-lryl sin 6=0

o cos“a\ _ sim G (4)
\\.)’1 #1 B
_Substitutmé,.for cos & and sin @ in (1) from {4) we get
A/
\J X=X, ¥y
N — s =0
¢\ ¥ %

R %0?' xxFyy=x"+y? the required equation.

% 1f the equation to the circle were in the form

- 42+ 2gx+4-2fy + ¢ =0,
the equation to the chord could similarly be shown to be

o+ yyitgr+fy=mt+y’ +entin

Ex. 1. Tind the locus of the middle points of the chords of
the cirele # by 4 2gx | 2fy-c=0, which subtend a right angle
at the Ongm

3
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Ex. 2, Show that the tangents at the extromiiies of a

diameter are parallel to the system of chords hisccted by that
diameter.

3*71. 1In order that two circles may touch, the dis- |,
tance between thelr centres must be equal to the sum '
{external touch) or the difference ({internal touch) of thleiy
radii, _ {T. C 7\1\‘71}

372, Two citcles intersect orthogonalh ~:u t’ile sum

of the squares of their radiiis equal to the\ﬁu are of the
distanice between their centres.

\“.
If these circles are

Aty +2§1x+9fgy+c1_0
WWW. %rauhbl a#yyofEQ%-xﬁ“2f)J T

the condition for their oﬁhogona.l intersection is
2g1 gg"’ gfl_ﬁzo— + Cy. |__I. C.G 122'}
3'73. To find the locus of & point whickh moves so that
the lengths of t{w\mngems Jrom it fo two given ciroles

\3@+3’2+2§1x+2f1y+91—
atxld P49+ 2.0+ 2f,v4-0,=0  are equal.
Let\the ‘moving point be (%, k)
\B§ hypothesis
KN BPHE 28R+ 20k o =R+ B2 4 200+ 2F B 6,

&«
NS

AN of 2h{(g ~&)+2k(f1i-f)+ ¢, —¢,=0

Generalising the co-ordinates 4 and %, the required locus
is seent to be a straight line given by

22 (g1 - &) +2 (fi~fo) + ¢ —c,=0.
This straight line is called the Radical Axis of the two

circles. A glance at its 'm’ will show that it is at right
angles to the line joining their centres,
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374, If
SiI=FLy+ 2+ 2y +0
ail S, =4+ y* 4+ 225+ 2f, v+¢y )
the radical axis of the circles given by S;=0 and $;=0

is seen (Axt. 3°73) to be 5, —5,*=0 A
¢\,

Thus the radical axis passes through the peints comr&on
to the two circles. If the circles cut, it is their mmmora
chord. If the circles touch, it is their commﬁm ytangent,
If they neither cut mor fouch, it may be" Qn‘l to pass
through their imaginary points of mtersectwn.

The above is a very important pxcié'e?ty of the radieal
axls, so important, in fact, thab ¥ may be taken as the
definition itself. Thug the Rad@‘ml "Azts of two circles may
be defined as the siraight me‘f I bEANYeeT B Bugh their
CoMmmon Potnis, ™

fx. 1. ¥Find the eq{gﬁons to the radical axes of the circles :—
(i} {%l}yz—f—ety-—‘ix—l:l)
\ and x24y2-4+8r—3y—1=0
St 2404297 £14x— 18y +15=0
{ \ aud dx24-4y2—3x—y+45=0
E&“\?;\ I‘ind the equations to the comnton chord of the two
“’Id%{‘ﬁ a)? 3+ p?=a® and #74 (y—b)2 =%
& Also find the length of this common chord, and show that the
:"\:circ}e described on it as diameter is
} (@2-+1b2) (#2437} =2 ab (bxr+ay).

*1t should be catefully noted that if the co-efficient of #* and 3*
in S, and S, are not the samed.e. i Sy =42"+4y° +-2G ¥4 2Fy+Cx
and S,== Ba®4- By*2G,x-+2F ;9 +-C, the radical axis of Sy=0
aud 5, =0 will not be given by §;—5,=0, but by

5. S,

»—A-—:—Bu—_—_o or BS;—"Aszﬁo-
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Ezx. 3. Shew that the locus of the points, such that the differ-
enice of the squares on tangents from them 4o two given circlea fa
constant, is a straight line parallel to the radical axis of these
circles,

375, To prove thai the radical axes of three circles
faken in pairs meet in a point, )

Let the three circles be \
Si=x+ 5+ e n+ 2fry+c.:0.\’:"
So=al+ 2+ 2gx + ny#rcj:’“!f)’
and S,=x%+4? +2g3x+2fy—¢& 0
The three radical axes are \\
S -S,=0, S, —SS—O,gInd 5, ~8,=0

Ad&ﬁg"‘-{bb]t palie tHrée Eﬁill]&tlolls the result is identically
Zero.

Hence the three sfraight lines meet in a point.
\
{Art, 2'53)

Such a pOlIl\lS called the Radical Centre of the three

circles, andyls’Such that the lengths of the tangents from
it to th,g Hitee circles are equal, '

\E}%‘ I. Find the radical centre of the set of circles.
) 82243yt —da Gy 1m0, 297425 35ty 40
©and 2242yt —p oy —1 =0
{ii) %2y —3x— 6y 8 =0, A2 pF— g~y D=
and x2-4 32 42546y 3 =0,

Ex 2. PFind the point from which the tangents to the three
#2+y2—165-4+80=0, %432 124427 =0

and #2492 —13y4 840,
are equal in length, and find that length.
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3-81., In Art. 374 will be found an interpretation of
the equation S;+185,=0 for i= —1. Let us now interpret
it for A= 1. o '

Co-ordinates that satisfy §==0 and 5,=0 simultaneons-
Iy, satisfy S;+45,=0, Also the latter is an equation Qf‘
the second degree in x and y, in which the co- eﬁiclents\of "
%% and y* are (1-+7) each, and the co-cfficient of xy ;1& 7870,
Hence it represents a circle passing through the; common
points, real and different, coincident or gm:agmary of
§;=0and §,=0. Thus for varying values\ofN{ + —1), the
given equation represents a system of; oi}cies all passing
through the same two points, and ﬂserefore having the
same radical axis,

Let 5,+2,5,=0 and &%%Elgtﬂﬁhﬂlmﬁyvmgndeb of th.ls
system.  ‘Their radieal awn% ds\at-once seen to be §; - S5;=0.*
The nature of this result \being independent of /. shows
that the radical axis s oRany pair of circles of the system
is the same. Sud{i’s, System is known as a Coaxal System,

The circled\S,=0 and S,=0 belong to the system.

C )bmousI\« i S§—=0 and L=0 represent respectively
a cm:le "md the radical axis of a Coaxal System, the
SFS?&{Q. ifself is given by S+iL=0.
AN 1. TFind the equation of the system of circles having the

Fame radical axis as

}

x2442=25
and (x—1)2+{y—1}2=27.
Ez. 2. Find the equations of the circles touching the straight
line x4y =5 and coaxal with the circles
x21y2 Bz —By +d=0
and 32+4p?—23—dy+3=0.

*Sec foolnote to Art, 374
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Ex. 3. Find the equation of the cirele coaxal with
w24 y2 4 2gx-+2fy+e=0 and #° Lv* 42" +2fy ' =0
and passing through the origin.

Ex. 4. Pind the equation of the circle which passcs through
the points of intersection of ¥* 4y +dxr—8y-4=0 and
¥ Ly® 4 Oxp 2y —2=0, and also through the origin. , ,\‘\~

Ex 5. Find the equation of the eircles which }w,veg\tke fifie
x—y=0 for their radical axis. \ o

N
Ex, 6, Find the equation of a systom of ciraldy having the
stralght line 3x—5y="T for their radical ‘axis, @N: “circle of the

system having the origin for its centre and 4 for ite radius.

3-82. The centres of the cn;elés S]_—i— 72S,=0 and
S1+%5,=0 of the last article age'x\ v

_mithg Atk 'g_ljy’»;g:_z _fithl
www[dbrambwiy gf»,l,g} Ta, ' 144

tespectively.

The equation tc: t]Ie stra1ght line joining them will be
seen to be ...\

)
‘*’\m_fz) g - g&)=8 i8S
The Qﬁ, of this straight line is {E‘ _i“’. Also its equation
) 1~ 4
is indépendent of 2. Hence the centres of all the circles
0\{\‘.-:( Coaxal System lie on a straight line at right angles
\to the.radical axis.

\3:83. To find in ils simplest form the equation i@
system of Coaxal Cireles.

If the line of centres of these circles be taken as the

axis of %, the equation to any circle of the system will be
of the form

24?4 2ga+e=0
where g and ¢ are arbitrary constants.
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Let two ircles of the system be
533“‘|’y2+2g153+51=0
and @*-Ly 4200 4-0,=0.
Their radical axis is
2e(g ~ g +e ~0=0 e (2\)
Being perpendicular to the line of centres (Arf. 383))
it can be taken as the axis of y, whence ¢; — ¢, must bé Zero
i.e. ¢ is the same for all circles of the system andsceases to

be arbitrary, { ¢

Thus &7 492--2ge4c=0, where onlysgNs a variable
parameter, is the simplest form of @e equation to a
Coaxal System, \

The ecquation is often writtehn the form

= 3 e djﬁ‘&t@rbrary org.in
where } is a variable parqmetfzr and ¢ a constant,

Ex. 1. Reduce the eguahon&.- £y -22-6y-9=0 and
¥ty —6r+8=0 to their simplest forms.

Ex. 2, Ghew that\the locus of a point which moves so that
the tangents fron\}( o two given circles are in a constant tatio,
Is 2 coaxal circil

Ex. 3. _¥io any point distant ¢ from the origin, fangents are
drawn to flibes of the coaxzal circles x*+y°*—2x¥—c*=0. Shew
that tw{lélgths of the tangenis are in Geometrical Progression,
it th( wligtatiees of their centres from the origin are so.
+ANE# 4. Prove that in any coaxal system, there are two circles

.\’réél, coineident or imaginary which touch a given straight line.

N

) 3'91. The equation to the coaxal system given by
Si+2 5,=0 can be put down as

g-l—f-lg? 3 f1+;'£%
(x+ _“_)'+(y+ 1417

ggﬁg Aty ot o
144 1+2
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The A for point-circles of the svstem i.c., the circles
with radius zero ig, therefore, given by
(Gt ag) +{f1+ 2 fif — (e +iey)(1+2)=0
or (' fit—o)+i2a8,+ 2 fimai )
+gt+ P —e=0. ... A2

These point circles are called the ‘Limiting pomt&’\'

™\
of the system and are from (1) and {2) seen to be « W

_&thg fitaf ( Srtl g ﬁl"‘“’ fs )
1+11‘ 1+;‘1 ].'f’))w 1'1‘3:1
where 4 and 1, are the roots of 4 in equationiN2].

To find, therefore, the limiting j)m@;’s of a system of
coaxal circles ~

{4} Put the equation to the system i the form
WW db{'ﬁullﬁn‘tq}{}?_gélfj_ 3
(¢8) Find the values af Wie parameter for which =0
(146} Evaluate hy and k Jor each of these values.
Each pom?\ h, k) is a limiting point,

Ex. 1. Flnd\sh} limiting points of the coaxal system of which
the circles x”:—l—y +25+4y+7=0 and x 4?4 dxt2y--5==0 ate
the two me;tmbers

The):qﬁatmn of the corresponding eoaxal system is

\;r%y“+2x+43-4-7+a (22 Ly fdut 29+ 5) =

N\ ' 1423 21, 7+ 53
NN A e m)-ﬁ-)’ 1_;_)\) ‘i—:.‘;=
N ’) ( 1+2>\) ( 2J¢:\) (1_1—_2;\ ':
) L4+ o) =\t

21_)\ - (7+5?\)
i) - G
The radius of this circle is zexo, if
(12012 (24 A0 — (TN (140) =0

or (A1) (4 422) — (T4 12) +-5)02) =0,
This shows thaf h=w or —31.
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The limitiitg points are given by
( 1+2) 242
IR RSP B

. X 1
i.e. —1- = I, (.
' {( ! 1—1—:\)’ ( 1 H--p\)f
teo (=2, . -1 and (0, —-3).
Ex, 3. Tind the Lintiting points of the coaxal systems deﬁqe‘g.“\'

by the cirelos — Y
(] 4y —br—bytd=0 and 2y —2r—4yh3E0”
Ty .‘
) xr—¥_3x..1=0 and  2ai4- 24 »'Tx,+i2:=0.’
- 4

392, 7o shew that the Bmiting points of\d system of
coaxal civcles are real and different, comci{mt oy Tmaginary
according as the system is of the. nowz(it@sectﬁag, touching
o7 tnterseciing species.

Let the equation to the \!&‘@q}iﬁ’kagiﬁbﬁ‘fﬁl}barg,jn

K I RAx T c=0.
willhre 7 is the variable parameter
o { .,k_‘;_)%,}_y.-:__._;_ﬂ._c_
N = : 4 {m}<
Yor point c1rQ{&5"0f the system i= +4/¢

Hence itsJintiting points are  (+a/c, 0).
\¥/
Also Flletommon points of the system being the same

i WHCH any circle of the system meets the radical axis
#==0\'their ordinates are given by 32+ ¢=0.

a3

(" Hence these points are (0, 1/ ¢)-
\ %4

Bvidently if ¢ iy positive the limiting points are real
and different, whereas the common points are jmaginary ;

and if ¢ is negative, the nature of these points is reversed,

If =0, the limiting points and the common points
all coineyde,



N

42 CO-ORDINATE GEOMETRY

Ex. 1. The limiting points of a coaxal system are conjugate
with respect to any citcle of the system. -

Ex 2. Prove that the polar of a liruiting paint of the coazel

system is the same for all circles of the system, and passes through
the other limiting point,

Ex. 3. Find the points of interseetion aud the lmiting pointga
¢\
of the coaxal systems defined by (— o\ N
L W
(] %74-p* —6x—12¢}+55=0 and "

Bx° -+ %y-—-)i.}:c—i“ 82070
{5y Aty —2x—dy—8=0  and x?--u° ---I“1\<~‘141+57 =0
(46} %%+ %+ 2Wr—By 4153 =0 and x* fvidaly—8uLu=0

3:93. To find the equalion fo a cmm’i\\ﬁyw’m of civeles,
is lmittng poinis being given, \
Let these limiting points be n\kl,“k ) and (A, &,
www.dbraulibrary .or R‘l
The equations to the corr"efzpondmfr point-circles are

(5 =R R+ (TP 0 and (s~Fh,) + {3 — k=0

Since both of these circles belong to the required
coaxal system, hé:e(iuation to this system by art. 381 i
(s hopr (y =t Por AP+ (y— R} =0,
Ex. 14 ‘Fmrl the equation to the system of coazal circles
whose 1m1'1tihg points ate

’@) (¢, 0) and (—e, 9)
'%(u'} (2, 3) and {4, 9

B8 ) {—1,2) and {3 —3).
"N\

3

394, To find the equation to a sysiem of circles which
thiersects a given coaxal systew orthogonally.

Let the coaxal system be S, +15,=0, where S; and 5y
have the same significance as in Art. 3-81.

If any circle

D 4 2gx+ A Y+ e=0urennn (1)
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is to cut ali circles of the coaxal system orthogonally,
then

Az, At a
2 g_L't_’I’),?_zf f_lf__ji»_ :c+flf_?_ (Art.3°72.)
T4 b2
or M2gg,L2ff,—c—ec) g LA —c—e =0 (2) .
¢\
Eguation {2} will hold good for all values of Ad hnly
when

#™N
\ (

28+ —e—6=0... .. Peieenn(3)
and  2gg,-+2ff | —c—e;=0....N "‘\ {1)

With the help of (3and (4) two of the three copstants
g fand ¢in (1) can be eliminated. fQ&’e restlting equation
containing only one variable pafafneter repregents the

tequired system,
q yetem AT clbl aulibrary. org.in

Ly |, Pind the equat:gn ef the family of circles cutting
the two civelas Q28
"—‘~i—m“‘”—i—2z;—i—4jx 7 =1
and  giqy? fdwf-2y-8=0
orthogovally, an *{{rm that they all pass through the limiting
points of the aznl system of which the two given cireles are

the nrember, o\
P\?
Ex. &\ Pmd the equation of a circle which is eut orthegonaily
by Evm‘ane of the thtec vircles
&N\ - +y? —2x—dy+6=0,
2y 4y —6=-0
\ ' and #244:—10x+18=0,
“and shew that its ceutre and radius ate respectively the radical
tentre and the length of the tangent from the radical centre to

any of the given eircles.

Ex 3. Shew that a circle having its cemire at the radical
eentre of any three circles and its radius equal to the length of the
tangent from the radies]l centre to any of the given circles, will
<ut them all orthogonally.
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3:95. To facilitate the iuvestigation of any further
properties that this new system may possess we shall

proceed with the simplest form of the equation to a coaxal
system, viz.,

@b y?— 20 =0 .ot {1,
where 2 is the variable parameter. R \J)
If any circle \‘ )
2y 2G4 2Fy S C =000, K7 )
is to cut (1} orthogonally, then \
— A= AC e N\ (3)

A
Since {3} is to be true for all value&b’f. 7
G=0 and C= — \¥;

Substlwmgiﬁhmﬁhxmmfgn@ and in (1 ), we get
"""" Yy +2Fy <o 0 (4)
~.\?here F is a variable parameter.

Hence (4) represedis a system of circles cutting ortho-
gonally the syste{ﬁef)resented by (1).

Since the adical axis of any two circles of (1) is the
same o1z y~— ; this also is a coaxal system. Thus
LOII&SPOﬁde to any coaxal systenm), an orthogonal coaxal

: syst&{x, kan be found. It can be easily verified that the

twd \ystems are so related that the radical axis of oue

QS.t'he line of centres of the other, and the Himiting points
\ “of one system are the common points of the other,

Two such systems are cal}ed Conjugate Systems,

Ex. 1, All circles of a coaxal system are ent or‘chogon'lllv by
every cirele passing through the limiting pointas, '

Ex 2. I acirce cuts two circles of o Coaxal System ortho-
gonally, it will cut them all orthogonally,
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Examples.

1. Shew that the polars of any fixed point P with
respect to a system of coaxal circles pass through another
fixred polut ¢, amd P subtends a right angle at each of
the imiting points.

2. Tind the ecquations of the circles on the tk;r:e"e\
diagonals of the quadrilateral, the equations of\ whose
sides are respectively y—1=0, z—y4-1=0, 2 +5y 211=0
and 3z+v—13=0, and shew that they are coaka‘i

3. If the origin be at one of the I@tmg points of a
systert of coaxal cireles of which
2+ 2ge By 0D
Samember, prove that wheediWadive-9f g gystem is
M +5%) 25k +e=0
and that the equation of'the conjugate system is
(a? *vz‘ii'%~#f +eletuy;=0.

4, The pola\k}of a point P with respect to two circles
meet in (), (Shew that the radical axis of the circles
bisects P O\

5e"§;f’\3'"1 and PT, are tangents drawn from a given point
Potdtwo given circles of a coaxal system, Prove that
as, P moves round the circumference of a third circle
Jof the same system, the ratio PT, : PT, is constant.

6. Prove that a common tangent totwo circles of a
Coaxal system subtends a right angle at either limiting
point of the system.

7. Prove that the locus of a point at which two given
eircles subtend equal angles is a coaxal circle.
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'8, Prove that the limiting points of the system
w-?-i—y-?+2-gx+c-‘r/1[m3+y'3+ny +k}=0 subtend a right
k
angle at the origin, if ; —=1,
g &7 f
9. Prove that the equation to two given circles caﬁ\~
always be put in the form +%+3'+taw—+b=0 \@,ﬂd

a4y tar+ =0 ”."

I A, B, C bethe centres of three coaxa(t“;i}fcles;, and
b1, £y, & the lengths of the tangents to them frem any point,
prove that \\«

BCt2+CAL>+AB £, —:0 \~ [Agra. 7. 1928]

10, A chord Ii of a cncle belongmg to a coaxal
system t\“égé“ﬁes "ano %g‘ymﬁe ‘of the same system at R.
If I be a limiting point of the Ny stem prove that

PR: PL: QR‘ NI [Agra. U. 1933]

M1sc'e\}hne0us Exercises.
1. Find the éluamons of the circles passing through
the points ( 1 ;and (8, 8] and tonching the axis of 2.

2. Fan the equations of the two circles having their
cent; es”\at the origin and touching the circle passing
thro “the points (6, 8) (=1,—2), (—2, 5.

"\ 3 The equations of two circles are 2 Tfyi=4 and

T4y~ 10z—14y+66=0. Find the equation of a straight
line, inclined to the axis of # at 45° and such that the
circles intercept equal chords on it.

4. (2, 7} and (5, 3) are the extremities of the
diameter of a circle. Find the equation to the tangents
of this circle which are parallel to the line Se—12y+2=0.
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Shew that cne of them also touches the circle
#*+y*=6y and give the equation of the circle concentric
with the latter to which the other one is a tangent.

3. Shew that the circle described on the straight line. ¢
joining (ar:?, 2am} and {(a/m?, — 2ajm) as diameter touches .

the line z+a=0, _ ) \ ™
6. Prove that the mormal to the circle , ‘ bt
eyl —Ba+2y —48=0 N
at the point {5, 6} touches the circle \\

72-—,—1’ -I“)S.?““rb}"—ls O

Find the co-ordinates of the point,? c}i contact and its
distance from (5, 6] $ \

7. Find the equation, i, @gﬁﬂm@l Jegihed in the
triangle formed by the Ii"nes dr+4v=12, 3a-—4y=36
and p=0. .:” (Ald. U. 1937]

8. 0Qis drawn fron:f ihe fixed point O to meet a fixed
straight line 4 ¢ gzt\Q In 0@ a point P is taken, so that
0P 0Q=a?, I&{)d the locus of P, using polar co-ordinates,

9. Ois affixed point on a circle OPB of radius a, and
OP is proguéed to 0, so that OQ==k OP. Find the locus
of Q\'\"

\'%:w I sfa+ y/b=1 be the equation to a chord of the
Bltdle o2 ¥'=¢?, shew that the pair of tangents at its
"\EXtrermtxeb intersects in a point {c¢*/a , ¢*/8} and also that
if ) and #, are the tangents of the angles which these tan-
gents make with the axis of #, then

1 1 2 be?
b g Tal@- by
1. Shew that the locus of & point which moves in
Such a mammer that the length of the tangent from it to
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the circie 4! +3 2w+ 2 +e=0 is twice its distance
from the origin, is a circle,

12, Fiud the locus of the feet of perpendiculars from
the origin to tangents to the circle 42 + W da— 2y =,

13. Tangents are drawn from the point (%, k) to the.
circle 2+ 3’=a?, Prove that the area of the t:riéﬁgle
formed by them and their chord of contact is A

e Wib-ayt N

14. Find the common tangents\Mo the circles

2Py gy 2y—4=0 and z? -'rj{-\-—\l? —2y4+-4=0.

15. Prove that the locus of thé:poles of the tangents
to the %{Sls_dbl'aulibral'y.or‘g,.:rn‘ -

(v bpFytm
with respect to the cilzqilé" .
W Bt yi=g!
is (%~ @Bz@+c2y9+2 a’by—at=0),
N

16, Circles&?e”(irat«;n through the point {c,, 0 touching
the circle z?rg.j'i%:y?:ag. Shew that the locus of the pole of
the axis) of e with respect to these circles is the curve

0 (e—ef=(=0) { @ m(omap ) 2

LV I the chord of contact of tangents drawn from an

'\.é‘z’i’temal point to the circle whose equation is
O

(e—aP+(y—bp=g

" be perpendicular to the diameter through the origin, shew

that the point lies on the Straight line whose equation is
dr—by=a?—p2,

" 18. Shew that the two circles 42 +yi—dp—6y+11=0
and &+ 37— 10z —dy+ 21— et one another orthogonally.
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Also find the equation of a circle which cuts the given
circles at right angles and has 22+ 3y=17 as a diameter,

18, If the pairs of opposite sides of a quadrilateral
be formed by the straight lines whose equation are

ar®+ 2hay+ W+ 2g2+ 2fy+-c=0 N
and ' +-2Wey+ Uy +2ge+ of whe'=0 (D
B a—b & M
prove that 7{, = m . N

20. Shew that the difference of the squ,afcé‘of the
tangents from any point to two circles ig\ptoportional
to the distance of this point from their radical axis.

21, Shew that the square of thg:fba:ﬁgent which can
be drawn from a point on one cirtle"to another is pro-
portional to the distance” 6% HEPOHIFRE $Bir radical
axig, ~ . )

22, Pind the length‘réf the common chord of the
e (p—a)t (y BB and (Bt (y—a)i=c,
and hence prove .tg%.t’ if these circles touch each other,
then Y 2= (a—b)?.

23. I o circles cut a third circle orthogonslly, the
radical axisJof the two circles passes through the centre
of the tiird.

4) Find the equation of the circles of radius 7

AWhich pass through the common points of the circle
N+ =24 and the straight line 3e—4y=0.

25. Find the equation of the circle passing through
the origin and the intersections of ¥+ Y2 4-be -8y +£=0
and Sx—2y4 2—0.

\
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CHAPTER 1V.
CONICS.

s

4:10. A curve in which a double right circular cone .
is infersected by a plane is called a comic. Tor diffe;re\nt

k3

positions of the mtersectmg
plane these CUTVEE will be
different. Sinc,e,..J;QWever, they
are derived fropthe cone they
are all clas;s@d)as conics.

Lety A’CDC’D’ be such a
one Who'—e axis is BAB and

4 blaullbralyor
w osse semi-vertical angle is o,
\ Let it be intersected by a plane
\ \ ;' making an angle ¢ with the
axis. Obviously there are two
cases according as the inter-
secting plane does not or does
\ pass through the vertex of

QB —

o — -

~ the cone.
D

—— - Case L. The plane does not

;’) Q\ through the wvertex of the come.
The section is

and

{s)
(é)

(44)

For g=«, a curve called parabola.

For g>4, a cirve called ellipse which redu-
ces to g circle if g=90°,

For <, a curve called hyperbola, which

has obviously two distinct branches one on

each cone,
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Case 11, The plane passes thrvough the vertez. The
gection is a palr of straight lines, real and different
for # < « and coincident for 9=«. For # > « it may be
looked upon as a pair of iwmaginary straight lines inter-
secting in real point, /.. the vertex, .

oA
I'hus in whatever way a cone may be intersected b.y\ o
plang, the section is oue of the five curves w»iz. a pair “of
straight lines, a circle, a parabola, an ellipse or ”a. hyper-
bola. Thess, therefore, are the five and onlymﬁve conics.
Since, however the straight lines of Case I1Jmay be looked
upon only as limiting forms of the curyej&\df Case I, and
the circle has been shown to be only @%xpé'cial case of the
ellipse, the main conics are on%}; thiee in number vz, the

parabolas, the ellipses, an\(i%he. 1}%%%” Yo -ore-n

411. “I'he definition pffi’t‘he conics given in the last Art.
is evidently of no use to'hs in a geometry of two dimensions.
It stands to reasox},l'hbwever, that the strong family tie
between these Sutves (since they have the same paren-
tage) must be(raflected in some analytical property which
may serve agld definition for onr purposes. In fact it is
seen® t}ié’ts all of them possess the focus-directrix property
ie. aiedke loci of points which move in such a mavner that
theix distances from a fized point, called the focus, always

¢ ’é“-’ﬁ?f @ constant vatio fo theiv distamces from a fixed straight
N“ine called the divectriz. This constant ratio is designated
as eccentricity and is generally denoted by e.

Let A+ By +C=0 be the equation to the directrix,
{h, k) the co-ordinates of the focus $; and (z. ¥} the

*The proof is beyond the scepe of this book.
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moving point P. ILet the feet of the perpendiculars from

Y
)
‘,.\\ o
« \/
s,".
S (h,h) R
0 M
ww w dbraulibrary.org. in “l X

these points on the dJIECtI’»lX ‘“be Z and M respectively.
The equation to the eog:respondmg conic is obviously

gAY 2__ (A"' +By+C
(e =h)*+ 8& k)= TfTi ............... ()
since SPP=cP2,

Y N M Taking the di-
:'}(“: rectrix as the axis
’\\, of v, and the
e e pey Sreetlne SZ e
i"{.’é > the axis of w», the
\:“'i above equation re-

: duces to
4 ) (??-;O) (z~A)t+yi= PRI=RY)

which is a simple form of fhe equation to a conic.

Now two cases arise according as {he focus is not
or is situated on the directrix,
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Case 1. The focus 1s not situated on the direxiriz {.e.
h+0.

The locus 13
{i} For e=1} a curve called parabola,

(ii}y For e < 1a curve called ellipse which reduces™ \
€ \us
to a circle if e=0%, O

and  [iil] For e 2> 1 a curve called a hyperbola. >
Case I1. The focus is situated on the dz(as“;tnz 1.6
h=().
The locus is a pair of straight lines, realand different
for e < 1, coincident for ¢=1 and 1ma,gmevr}, for ¢ 2’1

Thus it is seen that thg:, £ %1511 Ii‘grqtng §r0peﬁy isa
characteristic of five curves a}ld ﬁue 011137:y vi%. a pair of
straight lines, a circle, a parabbla an ellipse or a hyperbola.
Also since, as in the last-Aft. the staight lines of Case IT
are only liwmiting formsNof the curves of Case I and the
circle is only a spe.&a}t:asc of the ellipse, the parabola,
ellipses and hvparbaas are the three main curves possess-
Ing this I operi:v

420, To fmd the simplest ov the standard form of
the eguaém fo a parabola. :

Eﬁ* mg e=1 in equation (2) of the last Art., we get,

»\\ 2v2k(x— )

N\

h .
Transferring the origin to the point (? , 0) ie toa

'Daint A midway Detween S and Z, it further reduces to
yt=2hx.

*This is apparent from equation {2} of Art. 411
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The distance between the focus and the directrixin
the case of a porabola is generally denoted by 2a, i.e.
h=2a. THence the required equation is y'=4ar......... (1)

o

The point A4 is called the vertex of the parabola and
Z5 is called the axis. A
{
The shape of this parabola is given in Fig. I. N\ ¢

M| T

£

Z] 4

Figers |

¥ Figure 1T \A}w‘m IE o Eigees T¥

For shapes as in fig. IT, 11T and ?\Y& the corresponding
equations are

wwrw . dbraulibrary. org.} 1 y.
o

Yt should be ca.l:efuliy noted that the Standard form
of the equation g:b\the parabola implies that the axis
and the tangeﬁ&\at the vertex have been taken as the
axes of co- dimates.

421 N\F0 find the simplest or the standard form of
the egm}}iééz to an ellipse (e< 1.

.\‘Equatmn (2} of Art. 4'11 may be written as.

N By o4 ket ;
At e A I e RPN i1
~:\ : (aﬂ 1*39) I—et (1—e?) -

h

3

, : A
Transferting the origin to a point C (i—_ U)the
e

above equation takes a still simpler form vz,

S L 9
T T Tl e (2)

(1= 1—¢p 1-&
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A question naturally arises as to where this point €
is situated 4.e. what the gcometrical significance of
%5 is 1 Let A and A’ be the points which divide the
line ZS internally aned extemally in the ratio of 1: {

Their co-ordinates (referred to Z as the origin) then qre~\
Ns

h h . . » N
-, 0) and ( ., o). Cis evidently the‘?fﬁmt
\ 9

N

l+e i—e¢

midway between the points 4 and 4’ \\.

The distance AA" in the case of an elhpse s generally
denoted by 2a, AN

" i k =2a, (‘n:}\ ek s=d.

l—¢ 1 +\6ww dbl‘auhbrary ol‘g ﬁ1
Hence the required equatlogz ‘t@ the ellipse is

® . 2?._\“" ¢
PE ﬂ'l('l"—g—’)_l ....... . .- (3}
A\
T 2\J _
or ?\\ b‘_-:_ =1 e barierure (4)

t“‘:’»' where #2=a?{l —¢7}

NS/

The sh{&’pe‘ of this ellipse is
\Y

MJ

() By symmetry itis seen to have a second
focus and a second directrix.
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(#6) It may alsc be observed that

.. h @
Ce= 1_‘—_—-’:6_
and CS= < — = 2 — e ,
1-¢£% 1-et

(¢¢) The poiat C is called the centre* of the ellipeen
AA’=24 and BB'=2b are called the @ajor
and minor axes respectively, N

{(#) It should be carefully noted t{’@@({?ﬁé}’oci of an
ellipse lie along iis major axisisn

4:22. To find the simplest or the siandard form of the

equation 1o a kyperbola (¢>1). A\t

{3

Since Q%rﬁﬂ%ﬁ%ﬁhm’m‘&,{ﬁis case the equation

) of the last Art., may be pidtidown as
¢ S a
/A L pe— (1)
o¥ %M-T§+\:l. ....................................... (2)

where B=4a? {22 - 1).

which isHie’required equation to the hypethola.

AN
..\
v The above equation can be written both as

::\”' a El
\4)3 To trace the hyperbola %;3- h.'g) =1.

~
w= ﬂ\/ 1+

and y:ib\/%.ﬂ1
a

*By the centre of the curve is understood a point such that ail

chords of the curve passing through that peint are bisected there.
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The following conclusions are apparent (—

(i1 x can not be numerically less than a. Also
for x= + a, y=0.

Therefore the curve does not lie between z=2a and

B=—a. A

{4i) Straight lines =t a are tangents at {14, %){\\\
(#iz] As » increases from & (numetical]v),?g j;;/
increases, and for every value of z thgte are
two values of v egual in mag@t}de but
opposite in sign, Similar is the\case for =
as v increases from b, Thuszt:here is symme-
try about both azes. W)

) www.dhratlibrary.org.in
Hence the ctrve is as shown belew :—

S
\

Like the ellipse, for hyperbola too
(i) there exists a second focus and 2 second

directrix.

4

(i) CZ= i:; and CS=ae.
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(¢z) The point C is called the centre* of the
hyperbola. AA'=3%a is called its transyerse
axis and BB'=2b its caonjugatc axis. The
ferms major and minor axes are not used
in this case, because unlike the cllipse 44"

is not necessarily greater than BE', '.\‘\'

1t should be carefully noted that the hyperbola dfo}:’s w0t
cut ifs conjugate axis, also that the ollipse lres 'nholiv
within the rectangle formed by = +g4 x(nsi y= tb
whereas the hyperbola Hes wholly withousdts

{1v) The foci always lie alo;}g\}fie transverse axis
t.¢. the axis which cut:‘;.\the hyperbola.

wyww dbraulibrary.org.in )
A hyperbola is said fo be cqullateral wlent its trans-

verse and conjugate axes Jare equal e when b=sa
It is also called a rectzmgu arf hyperbola. The eccentri-
city of such a hy perb;;ﬂa, 18 evidently /2,

424, The Q{tlt)ﬂ LL" of a straight line through the
focus S and dperpendieular to the axis SZ intercepted
between thg Comc is called its Latus vectwm. The semi-
latus rec{u,m in each case is evidently the ordinate of the
pointy t)n Ahe conic where the abscissa is the same as that

\ focus, Thus it is

"\ () 2a for the parabola yr=das. [Vocus (@, 0]}
aa i . J W3 3 .
4 - = for the ellipse E“: +%.;
where B=g'(1—¢2). [Focii (&4 0]

e

*See footnote page 58.
fThe significance of this name will be explained aftcrwards.
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| a

(i)~ for the hyperbola — — =1
a FER O

where §*=a%?— I i{Focil (+ae, 0)]
IE P be any point on a conic, SP is called its focal
distanse, \
(i} For the parabola yi=4ay. \‘\
SP:P_%:PT-{—T;Mza—I—m_ . :s.}
{Bce Fig. 1. &rt\4'20.)
. n . ot V= . (&
i#i;  Tor the ellipse p +-EE_3-—.:£. \::‘}\

SP=¢ PM=ePT + Tﬂf};.
SPee. PM'=e(TM' - PLf=a—ee.
A\(Bee Fig.  Art. 4°21.}

wwr b et

i Thus SP+SP=2ai.e. the, Sy o]l'l ]i}zar%%la,% Wistances of
k%y point on an ellipse is cqmza.m and equal to the mdjor
) faxis, =

This is a very iﬁ;purtan‘r property of the ellipse and
Is sometimes t%g; as its definition. It gives a wvery

il
convenient met}}gd for constructing the ellipse mechani-

cally. RS
¢
Fran N . 2 1
E 3’?\ For the hyperbola -2 —= = N
R {\\”' SP= (3'.Pﬂir=£{PT“- Tﬂf}: e —a
) ‘:'1::' SP=gPl = {3{ PT + T:Lf'}: ex -,
~O (See Fig. Att. 423.)
v Thus S'P—SP=2%a, i.e. the difference between the focal

distances of asmy point on a kyperbela is comstant and equal
i the transverse axis, '

This again is a very important property of the
byperbola and is sometimes used as its definiticn.
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4-25, We have seen that the equation of a conie, ng
matter what the nature of this conic may be 7.c. whether it
is 2 pair of atraight lincs, a circle, a parabola, an ellipse or

a hyperbola, is invariably of the second degreeinzandy.

We shall now proceed to demonstrate the ccnverse propo-

.- . R Y
sition iz, that an equation of the second degree ja

« and ¥ invariably represents a conic, the nature of(the =

curve depending of course upon the constants (inﬁplved
in the equation. But before doing so, we shall)establish
2 Lemma which is required for the above deni'?y}lstration.
Lewma i—If the anes of co-ordinates ary burned through
any angle 8, origin remaining the s'\amg the expfssswﬂ
ax®+2hxy +by? is transformed to And2Hzy + By, where

www.dbraulibrary. m-gb;-:A“¢B
and &b»—*k‘z AB-—-H*

diso if tan Qe—z—b » iks transformed expression has
w0 Yerm containing g:y\f e. H=0,
Now % and y\a}e to be replaced by (x cos e - sin 6)
and {x sin 9+y ¢os A} respectively,
Hence ¢ aﬂc~+ 2kxy-+by* is transformed into
alx Cqs\f, ~y stn 0)*+ 2h(x cos 6 —y sin @) (x sin A4y €0S 8)
.\'\’ +b(x sin 6+ cos 9}

“\., % If this be written as A+ 2H gy -+ By?,

then 2A={(a+b)+ (a ~b) cos 2o+ 2k sin 2p
2H =(b—a) sin 26427 cos 2p
2B=(a+4-b)—(a—b) cos 2 & - 2 sin 26.
Evidently A+ B=a+5.
4 (4B -HY)=(a+bP~{ (a - b) cos 26+ 9k sin 263
~{ (b—a) sin 29+2k cos 261
4 {ab-W
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Further obviously for fan o= -—-2-}1— H is seen to he

—b’

ZETO,

The expressions a+5 and ab—h® are komown as
Invariants, since they are not changed by turning the
axes. ¢\ N

\

Ex. 1. If (% y) and (#, +') be the co-ordinates of the, same
poiit  referred te two sets of rectangular axes with the same
origin and i ax-- vy where # and vy are mdependen{of xand y
becomes w 2”1 3", shew that ¥ o' =u"Hv%,

Ex 2. If (% 3} and {#’, »') have the samc wodating as in the
previotis example, and if r=4s"+0" and J'\=<‘a #'U y' shew that

R=L N
Ez, 3. TEstablish the proﬁ%}'{ySth@m Uig torming the
axes through any angle ¢ in the fo}bégwfﬁlg cascs -—
() 6x7—day+ QRS 24x—22y+ 43 =0
{25} .?:"—l—J.i!;!rng—Q}J —2x4 10y +21=0
()  ax® -L-aﬁxy —* 407~ 20y 1+ 24 =0.

Determine the \alue of g in each case such that the term

containing xir ma;vwambh

4-26, \TO shew that the gemeval equation of the second

degree m X and v, vz ax*-2hay-+byR0gx+ 2fy+c=0
QZWG}W repnsents @ conic.

N

S\ \ It bas been shewn in Art. 284 above that the eguation
J “tepresents 2 Pair of straight lines, if the constants involved
are related such that

O =abs+ 2fgh—af 1 —bg® ~ch=0.
Thus the proposition has to be proved further
when A 40,
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Let the axes be turned through an angle ¢ such that
2 . .
tan 29:{%—;-?1--. Thus the transformed equation will have no

term containing xy.
Let the given equation take the form

Ax?+ By? 42 Gx+2 Fy4+C=0 _...........co.. PN
Such that A+B=a4b....cccooiin =3 O
and  AB==ab—h"..ccorriiioee. TN
_Equation (1) can also be put down as '\‘\'"
2 A 2 k3 3 \ ”
A4 x*‘.-g +B j’-’r-r— :G——i-i—-(f K (cay) (2)
A B’ O

Now three cases arise according .;uﬂ\@ne of the guanti-
ties 4 or B is zero, both of them qfe.of the same slgn or
of oppositevstgdbraulibrary .org. m w4

Case I. Oune of the gwam;‘ém A or B, say B is zero.

liguation (1} takes the form.
AxEt Q:Gx—{— 2Fy+C=0.

‘AL( _._.) :__‘)11-}!_5_%—6.

G- AC
:"\, —*QF(J’“ 55 )
.{’{\‘{’%hgferring the origin to (__% , % ) , we get
N\ Axt== _2Fy.
'\
\J s 2F
\ or M=y

which is the equation to a parabola.

Thus when 4 or B is zero, the equation represents 3
parabola.

—

“1t may be noted that when & — _0, & =0 nnd hence the equa-
tion represents a pair of straight lines.
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But from relation {3), ab=7? when either 4 or B is zero.
Hence for A2==ab and A + 0 the general equation of the

+ second degree ropresents a parabola.

Case 11. Boih A and B are of the same sign.
¥quation (2} on transforming the origin to

G FY pee ¢
A‘ > B) ecomes \\'
As?-Byi=K. :u‘}‘
L O
oF % + K = ~&

4 B

which is the eguation to en ellipse , réh' or imaginaty
according as % has or has not the safie 91011 as A and B,

Thus when A and B boﬁi"‘ﬂi‘éb‘iﬁpl'tﬂj@l yame.inign, the
equation represcnts an elliqu MAlse from the relation (§)
fab—1?) must be positive, 4

Hence for ab>A? ar(:l ,_\ +£0 the general equation of the
second degree repregex\lts an ellipse, - Further if 4=5, the
ellipse hecomes a\Q\hcle

Case 1l (A and B are of opposite signs.

As be,[\ore the equatlon (2) becomes

' M j}i —~1
AN - K tE
A\ A B
“;' K K

NN )
“\\ which is the equation to a hyperbola, sice - and B

vV are of opposite signs (4 and B being of opposite signs)
Thus for gb <k and A +0 the general equation of the
second degree represents a hyperbola.
Further the hyperbola will be rectangular if 4= —B
of A+ B=014.¢. a+ b=0 from relation ().



G4 CO-ORDINATE GECOMETRY

Thus under all circumstances the general equation of
the second degree represents a conic,

Ex. 1. What is represented by the following equations

G} TA'—60xy +329° —106x - 88y — 5T =0
{id) Ba"Zxy+29"4-24x-- 6y +29=0
(#6i)  24* 1271 Bx 19y L18=.0 A
(i) 64"—zy —12p* —Bx 420y —14=0 \ N
{#) 164" —24ay+9y*—60x—80y+400=0  \J
(vi} #—p*—10x44y—T=0 N
(065)  42°-4122p+ Dy + 165+ 24y - 16=07)
0idd) 4 (x—2y+3)°+8 (2r+y— L)IE0
Ex. 2. If & and 4" be the perpend_icula{ BAistances of a point
P from two given lines not necessarily sflglght anmgles the locss

of P ig an ellipse ot a hyperbola as ‘—i; :EG}:\ZI where  «? and #

are Positi‘\iﬁw_dbraulibrary.org,j’g ©
4:30. To shew that a sipdight line intersocts @ cowic i

two poinis. N

~N *

Let the equation/to the conic be

axg;’(—?})xy-qw B2+ 2gx+ Bfy + 6=0erriinrineen AL}
and let X\
SO ALY e D)
N oS Sinf

be angp$traight line,
4
Nhen for the points of intersection of the conic and the
..}%traight line, substituting for x and y from (2) in (1), ¥¢

;"\:,"get

) 2

a (¥t 7 cos B+ 2k (%47 cos @) (y,-+7 sin 6)
+b (3 +7 sin @12 (%17 cos @)
+2 F(y, +r sin g)+c=0.
or 1% (a cos9-1-2h sin 6 cos 9+ b sin? )
+27 {cos 6 (amy+hy + g)+ sin 6 (hay+5y +f)}
+“x19+2kx1y1+5y12+2gx1+2ﬁ] +¢=0 (3
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The above equation being a quadratic inr gives two
values for the distance of the point of intersection from -
the point (%, 3,). Thus there are two points of inter-
section. Whether they are real and different, coincident
ot imaginary depends upon the nature of the roots of ».

© Ex 1. 1f P and () be the points of intersection of a liﬁe:\
passing through the point R (i, 2) and inclined at an angle tar("% %
to the axis of x with the comic 5#*+6xy—By —225+18py7=0;
shew that the rectangle RP. RQ is equal to 100/107. 75 }

Ex. 2. ¥ind the distance of the middle pni.nt:.}f\the points
of intersection of the comic 247+ 3y —dx—120LR¥=0 with the
line §x—12y--26="0, from the point (2, 3). \\

4-31. To find the equation todhe tangent lo the conic

az®+ 2hxy +{dF _gﬁaﬁ’m;?grﬁrgg_m

of any point (x, ) on i XN

If (%, v)) is situated op:t:I{é comic, the absolute term in
equation (3) of the last.article becomes zero and one value
of 7, therefore, vanighies.  The equation then reduces to

8 .
7 (2 cos* 9+ Bk sin 6 cos a4+ b sin? 6}
+2 {Qamn -+ ) cos 0+ (Bt tf) sin gy =0

If the gtraight line is to be a tangent at {x, y;) even
this vg]{{t}&f # should be zero, hence

\.§~(ax1+kyl+g) cos 0+ (ha+ by + ) sin 6=0

A\Eliminating cos ¢ and sin 9 between the above and
(2 of the previous article, we get the required equation
v to the tangent, which is

(asy+hy, + &) (x—) + B+ oy +S) (y-3)=0
or aug+h (xy +ya) +hnFErt Y
T (ag2 - Sy, + by E+ gmt ) =0
(.:le 4= 2hayyy T OV F2€91

o axw + h(xy,+ v+ by
gl m) Hf o) +o=0-(4)
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Comparing the equation io the tangent with the equation
bo the comtc, it will be scem that the former is obtainabie
Jrom the latler by replacing therein, o2 by xxy, ¥ by vy,
2y by xy+ym, 26 by (x4 ) and 2y by (y+).

Thus the tangent at (x,, ) to the curve

N

{5) 22 4y =a? is x)+ Yy = 4R .\“'\.
{3f) ¥ =dax s yy]=2ag(£:}}_x1).
' x? yﬁ . ey 4 VY N

{é3) =1 is FEeg \l

432, To find the condition that z};lé??szmigkﬁ line
1%+ my+ n=0 may touch the conic Y,
ax®-+2hoy+by* + 25+ Aot c=0.
Let (ﬁw\s{dbbsuth&aqinﬁ@ﬁm{@téct.
Then Ix-+ my-Fn= Q- \

and {an+hy,+g)x T8y, + £ ) v+ (gx, -+ -+e) =0
represent the same sfraight line.

Hence axﬁf;;:lﬁg":kxﬁgl i _gntinte e
" #

. S ax\+ by +g— Li=0
) kx1+ b_'}’1+f'_m‘q'=0
O gat B+ o~ ma=0
A0 Also Intoytn— 00, since (z, ) lies
m}‘\bhe" given line,

By eliminating (x,, Y1), between the above equations the

O
b\ .,0'

) 2

required condition comes out to be
a h g 1
A b f m

gfcn=‘0'
I m un o

or A£9+Bm9+Cn9+2an+26nl—|-2ﬂlm=0,



n
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wAcuches the comic 625+ 184427y +8%+3y—10=0.
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where the capital letters denmote the minors of the
small letters in the determinant

| a h g

ERWEE

| g F ¢ A

When the equations to the curves appear in t.heg'r‘"

standard forms, the following conditions of tangepey
could be easily verified from the above :— "N

7
S
PP

Carve gt. line Conditiorsoitangency

b
Y=dax Ix+my+n=0 i —nl
. y:mx-i—c ’::\\“ C"—"a}[m
. % Cos Ty Sima=p NS <+ P o5 4=0
P ) A, i L
i :g:l-z =1 I+ ﬁzy\fi-\;i\%ddjraullbl WY P =
p y:m}{-‘-ﬁ-}; P =dtnh 1 B

” xcos <+ ySpR—=p a cos? L+ b sind k=42

Ex. 1. Determine ...1@3 condition that the line represemted
by y—13=m{x—2), mlay touch the comic (3x—y-+1){zr+¥)=6;
and hence find the\e}uations of the tangents to the given conic
trom the point (%, 18).

Ex. 2. Pifid the equations to the tangeais to the conic
344 2y §J8 7105 —14y 419 =0, which are inclined at an angle
of 13%&‘.9}4:11& axis of %,

_\VEZ 3. Shew that the radical axis of the circles
YAyt 8y-11=0 and A4y +2r-dy-4=0

_ E#. & Prove that the slopes of the fangents drawe from the
otigin to the conic
axt- Shay- byt F2gv+2fyt-c
are given by the quadratic equation
(7 —be) + 2fgm-+g*+-ae =0
What do you deduce if f2==be ?

)
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4'40. To shew that through any point (%, y) fwo
tangents can be drawn to the conic

ax* 4+ 2hay+ b2+ 2gx + 2fy 4 ¢ =0.

If the straight line represented by (2) of Art. 4301s
to be a tangent to the conic, the two roots of rmtht:\
equation (3) of the same article should coincide. A\

Por this \

o
.

Haxy+ hy, + g)cos 6+ (hw by + f }sing]°) \\
=(a c0s*9+-2h sin & cos G+ b SIA@N
X (ap P20 3 + by 2+ 2g0 By +e) (4

or {(“xl+kyl+g)+(kxl+byl+f) 4 ﬁ%

k lgn = ;
(RSt a2
WWW EP;L l'|a' xlyl.'l’ by;3+2gx1—|-2fy1—r€}

This equation, being a, qu,adratm in fan o gives two
values for 2. Thus thare are two directions in which
straight lines can bedPawn from the point (#,, y,), to fouch
the given conic, ,Iﬁ}}ther words, through the point (%, ik
two tangents.caf be drawn to the conic, Of course, whether
they are 1':36:,1’ and different, coincident or imaginary
depends Npon the natuse of the roots of the above
equa}t{o:ﬁ."

R4 A1, To find the equation to the pair of tangents thit

Svan be drawn from the potnt (v, 1) {0 the conic
O aw? + 2hxy + By + 2gx + 2fy + c=o0.

Eliminating cos ¢ and sin ¢ between equation (2) of
art. 4-30 and (4) above, we get the required cquation, which

{(ﬁxl‘?’%’yl‘i‘g}{x““‘])“ﬂk" +on+FNy —y)? )
= (X~ % B 2h(x—x)(y— )+ By 3’1»' 5

X (ax2+ 255, Y, + by, + 2g%, + 2y, + <) (8



\
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U S=ax?+2hxy+byP+ 2gx+2fy+c
SiZax + 2k, )+ By 2+ 2%, + 2fy, +¢
and T =axw +hley +yu) + lym+gle+a) +f (v +3) +o
Equation {6) can then be written as
(T =5)2=5,(8+8,-27)

or S8==T7 i s @
Thus the egnation to the tangents drawn fromsi?he

point (x), ¥,) to the curve . :"";

{3) Bt y=at s 0
(4 57— 9 {15+ 2 ) = (e, £ Y 2"

(#) y=4ax )is
A\
{37~ dax} (y?~dax)}={ yyl\-—~2a {x+21) 12
x5 AN v/
{iat} W ﬁb““’l:f)}‘al "y or{g in

{x? ja~+y”j52—~ L} {xlﬁjaz—!-ylﬂ,fbg 1}
\\ et L yy, [0 132
Ex. 1. Find the egtighion of the tangents from (1, 2) to the
eonie 24° — By — 252 +"( 9'—2 =0, and find the angle between them,

Ex. 32, Tangen\bs are drawn to the conjc
‘1:3 ar’ - Bhay-+ by 42 =0
from two poiutgon the axis of 3, which are equidistant from the
origin, stQe that their points of intersection lie upon the

siraighttide haby=0
4g§2 To find the equation ta the chord of comtact of

Sagents drawn from the posni (x,, y;) to the conic

S

\/ ax®+ 2y + by + 2gx + Yy + e=0.

Let the two points of contact be (#, ¢) and (7, s).

The equation of any straight line through these two
Points is
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Now the tangents to the conic at {($.9) and (1, 3)
pass through (x,, y;,). Hence

axp+hng+ yp)+ong
Fe(t+P)+f (it g) Fo=0 .o, (b}
a7 +h(xs+ ) +byys A
+e(n ) (4 ) +e=0 ., : .,{(3)'.
Subtracting (¢) from (8 K \/
(P=r)amthy+g) + (g s)(hw + by, £ Y20
or ST9_ _omthytg \ .......... (d)
b-r fixy + by
Substituting from (d) in (4) O

(=00t byt £) + (v~ iy, ) =0.
S B b,
T8EFx) + f{y+y) e
=axp+h(zgRynp) + byg
Tem )+ f(yi+g) e
e =0....ceunen.[from (B)]
Thus the eqﬁq).‘i;iﬁ to the chord of contact of tangents
drawn from ,th{;;point (#1. 1) to the curve
\{{)\ g BrPag g X%+ vy =ad
\\‘(’“} Yi=dar is yr=2a{x+2%)

e LAy : ¥

X\ (s4¢) w EEm=1 s @ T =1
N 443, Ty Jind the locus of the poinis, tangents from

which to the conic &3P+ Dhay + b +2gx+ Ay +c=0 are at
right angles,

The condition that the

in Ari, 441 may be g
equation (7)

two tangents through (xl,. B3Y
t right angles s that in
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Co-efficient of 2*+ co-efficient of y2=0.
te.  as;— (ax,+ Ay, + g)?
+ b5y — {hxy+ by - )2 =0,
or  {ab—k) (%7 + v} + 2%, (bg— 7h)
+2nlaf ~gh) +ela+b)— f2—
Whence the locus of (%, v,) is &
(b~ 1) (= + %) + 2(bg — b ) + 2y (af AR
+e(atb) — fi—gheD. .. (8)
This equation evidently representsa cn‘hle which is
called the Director Circle of the comc ’
If the given conic happens to be\a parabola f.e. if
W=ab, the above equation reduces
2¢(bg ~2f ) + 2y (af — gh) -r-cfa+b) ~g=0....(9)
This equation, being of“!\{ﬁe ‘élbieﬁ%%raﬂ"x and ¥,
Tepresents a straight hne “which as will be seen later
is the directriz to the parabola tepresented by the general
equation of the seqoqd degree.
Ez Find th{\equatlcn to the director circle of the conic
F+ay+ytraty=0.
4-50. I‘ 0 ﬁnd the equation to the chord of the conie
4z’ + 27%‘;{-#— b2+ gx+ Ay +o=0, having (%, y;) for s

2\

miﬁ“\pamt
UThe straight line given by equation (2) of Art. 4'30 will

bé the required chord if the two values of 7 in equation (3)

‘;" of the same Art. be equal in magnitude but opposite in

S‘gﬂ For this the co-efficient of » must be zeto, f.c.
{ax,+ by +g) cos 6+ (hay+ By, +f ) sin e=0.
Eliminating cos ¢ and sin 6 between the above equation
and the equation under reference [(2) of Art. £:30], we get
(@, + Ay, +8) (r—m) + (g + by + F {5 =31) =0
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Using the abridged notation of Art. 4-41 this equation

may be written as T=58*
Thus the equation to this chord for
(i) P+ yt=a? s X+ v =x
{25} Yi=dax is yy,—2a{x+x)=v,>—dax, .

(i) ZIPLYB=1 s amfetyy/P=xpfa+ 2D
Ex. 1. Shew that the locus of the middle points of al eHords
of the comic as-+2hay+by + 24+ 2fy+ c =0 which pads throngh
the point (#’, 3} is the conic L (4,
%'+ 2hay+ by' — {ax’ +hy' —g)—y (R + by —{ Y u¥ —fy' =0.
Ex. 2. Find the inclination to the axis o #yAnd the length of

that chord of the conic 2x’+4xy+3y’+5.t.é{5}lj:—i— 127 =0, which is
bisected at the point (1, 3). N

451, To find the _co»oyda’natgﬁ :::_’f.a potnt such that all

chords of ths ipgbraulibrar AL
ax® 4+ hxy -+ f)yﬁ-’ﬁgx-}- 2fy+c=0

passing through that pojni"a;e biseoted there,

H (2, 3) isimfp be the middie-point of all the
chords of the Q&mc the equation

(a:?}ﬂ* by1+g) cos B+ (ha, -+ b +f) sing
of the 1a;at}aiticle, must be satisfied for all values of 4.
This is gessible only when
'N\W
% ax,+hy 4+ g=—0 '
b+ by, + f =0

% 3

*) hf— he
S Whene =% gh—af
\ ce X ﬂb“—kz » y]—ab"__kﬂ .

Such a point is called the Centre of the conic,

The above co-ordinates for the centre lead to finite
values except when ab=72, Hence conics have two classes

—_—

*It may ag well he expressed by T =T,.
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-viz, (i) those that have a finite centre, and (35} those that
have not, The former are called Central Conics. ‘To this
class belong the ellipses and the hyperbolas. To the other
dass belong the paraholas. Pairs of the straight lines )
and circJes are only limiting forms of the above thred’
general conics. L\

In the language of the differential calcalus, if f {z, =0

Tepresents a central conic, the co-ordinates of the«centre

ate obtained by solvi ing simultanecusly \\
8—‘{ =0 and ﬁi =0,
tx 5y ) \\;

Ez. Find the centres of the followingp'@iu‘cs —
(i) #—aptyt—2x—2p=0 NV
(i) 24°4L3xy—2° —TE’—F";){;@hfeulibrary org.in
! iis’} 164" —48xy—10s* —5384:4—443’——5 =0.
452, To find the ?otms of the middle poinis of & system
of parallel chords of f&v eonic
aﬁ:’ 3 2hay+ bR+ 2gx + 2fy +o=0
Asin Art, 4.{}} for {%;, y,) to be the middle point of
the chord x~

f‘{wkyﬁg} cos 6+ by + by, +f ysin §=0.

FQ‘ a system of a parallel chords @ is constant.
Lﬁ an ¢ be s, Then the required locus is
o (ax+y+g) + (bt by+ F)m=0

o\
3
o or  x(a+hm) +y(h+ o)+ g+ fm=0
The above eguation being of the first degree in x and y
presents a straight line, Also the co-ordinates of the
centre will be seen to satisfy it. Hence it is a straight
line Passing through the centre. Such a straight line is
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calied a Diameter. Every system of paralliel chords has
its diameter and vice-versa.

Ex. 1. Obtain the diameter of the chords of the conle
- zy+y*+24=0, which are parallel to the line y=ux,

Ex. 2. Find the equation to that diumeter of the conig
84" +-6xy +51°+ 122 - 494 6=0, which passes through the point (12,7

. NS
460. To find the locus of the harmonic conjugatesof a
. point (x,, y,) with respect io the conic N
ax®+ Zhxy + bvi + 2ge+ 2fy +£%<O.

{Ifa straight line through the point O isitérsects a conic
in P and @, the point R is said to be the '}iﬁmonic Conjugate
of O with respect to the conie, when 1/ORANOQ=2/0R.]

% 3

1t O be, ﬁ%?ﬁ%ial%flﬁgﬁf yyél 31&{:1.0P and GQ be the two
values of » in equation (3) of irt." 430

A1 —2feos clan eI +8) +sin olhn+ by +5)}
OP " 0Q ™ . S T
—_— 2 "'{
OR (\J -

\\
or S;= —{ORcosklaz +hy, +g) + OR sing (hay+ o+ 1)}

If R b\etﬁe point {x, ¥}, from equation {2) of Art, 430

8 OR cos g=u—1n,

.'s'\\“ and ORsin g=y—y,

y \’j »* Hence the above eqtiation becomes
T e @byt + (y—,) (b + by + f) =S,

or armythlzy t21y) + by + gle+ay)
+f (y+ ) +e=0.
Thus all points which are harmonic conjugates of &
given point with respect to a comic lie on 2 straight line.
This straight line is called the Polar of the given point
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with respect to the comic, and the given point is called
its Pole.

If {x,y.) be any point conjugate to the point (%, ¥}
with respect to the conic, then from the above equation
GRy+BEY T8 V) by gt ) +f (et ) Fe=0.

Since (%), ) and (x,, v;) in this equation are inte{»\"«\
changeable the conjugate property is reciprocal e i
with respect to a given conic, R is the canjngaté of 0,
then O is the conjugate of R. In other wordaft]i‘ls resuit
may be stated thus, \4

AY; .

If the polar of a point with respedifto a conic passes
through another point, the polar of tk.s’iqiker passes through
the forsmer. “’WW-@bl:dlilibrat-y,org_m

It will be seen from Arts.’.et".i’{l,' 442 and 460 that the
form of the equation of the“t:}.:}o'rd of coutact of tangents
drawn to the comic fzdt the point (¥, y,), as also that
of the polar of the DOIfit™(x;, ¥,) with respect to the conic
© the same as_tHat of the equation to the tangent to the
tonie at the poit)x,, y,), and can be written down by the

- same working fule. N

Ex. :S&';}v"that the polar of any point, with respect to a
Conie, i%garallcl to the chord of the conic, which is bisected at
that Pejnt. : :

- ~_\’ 61, To find the co-ordinates of the pole of a given
/ line with respect by the conic
ax?+ Uy + byt + 2gx+ 2fy + =0

Let the equation to the given line be ‘
Irmy+a=0 e (8}
a0 let the co-ordinates of the required pole be (#, b
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The equation of the polar of this point with respect
1o the given conic is

waxy+ by + g) + y Ui+ +F) + lgw+ i 0 =0 ()
Equations (1) and (i4) represent the same curve, hence

axy g huTbhytf  got e
- m o n

Equations (¢4f) on solution will give us the vals of 5

and y; .e. the co-crdinates of the pole. i \\

It may be verified that if the pole of avline AB, with
tespect to a conic, lies on a line CDytheén the pole of CD
with respect to it lies on AB. Straight lines $o related
are called Conjugate Lines, ;

m 1 WRY ARSI G

1] Ba+9y+d4=0 with jy'esifect o x’+2xy-!-3y’+2-x+y+§="
(i)  Baby--4=0 L 22 2ay — g8 2410,
Ex, 2. Prove thA{ the line joining two points in the plame

“of a conic is tkc'\‘pc‘ilar of the point of intersection of their polats
(=

with respect toyihe\conic.

Ex 3. ¢$hew that the locus of the polus with respect to the

central ’c\n‘ni\c ax*3-by*=1, of all tangents to the central comic
£ 2 2
&'%* ¥hly¥=]1, is the conic Lo 4 —i;- yre=1

a

Ex 4. From each point on the line x=4, 2 perpendicular ¥

Wdrawn to its polar with respect to the ellipse 8#%-rdp*=24. Shew

\ W

that the locus of the feet of the perpendicnlars is the circle
Byt B +2=0,

Miscellaneous Exercises.

1. Prove that the tangents to the ellipse 24° + gyt=4
and the hyperbola 34*—342=1 at their common points
are af right angles to each other.
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2. Shew that the conics x¥ —xy+ 332+ 45~ 15y + 18=0
and gy —dx—4y+ 14=0 intersect at right angles at the
point {2, 3).

3. Shew that the ellipse /a2 y2/3¥=1 and the
patabola ay®+5*(x~—a) =0 touch each other, and find tife),
point of contact. Also shew that the tavgents tqf “the’
patzbola at the other two points of mtersectmu, meet at
the point (24, 0). K,

o
4. A pair of tangents to the comid\Ja®+dyi=1
intercepts a constant length 2/ on the xu-sms Prove that
the locus of their point of intersettién is the curve

by (axd + by? — 1) 2@ (by? —1)2.
5. Find the Iocus of thew_[%\feg%’fa “ngegln of the
conic 2%/4%+ 42/ =1 with zéspect to the conic
ax® + 2hiey + By 2gx+ 2fy +e=0.

6 If a straIght\hne touches = circle whose centre
s the vertex o {a parabola and whose diameter is equal
to the latus-géctum, prove that the locus of its pole
Wwith respect ' the parabola is a rectangular hyperbola.

7. ,,If,\'bﬁe polar of a point with respect to x*fa®+ y3/8?=1
touches.the hiyperbola whose equation is 42/a>— y/42=1, the
loaftg of the point is the hyperbola itself.

()78 Shew that the locus of the pole of a line of constant

\

h
) 3

’"lmgth ¢ which slides between the two axes with respeet to

2 4 F+
the ellipse —— -+ —zz =1 s ‘; +_y_:: .

9. 'iallgents are drawn from any point on the curve

. x
Terl 1 to the cllipse -5 + 3 =1, Shew that
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the chord of contact will subtend a right angle at the
centre of the ellipse,

10. Prove that the locus of the poles of tangents
to the comic ax®+ 2kxy+ 8y2=1 with regard to the conie
&2+ W'y + b'y2=1 is the conic Oy
alR' s+ VYR =20 (& x4+ Wy W+ Vy) + bla'x+ 'y = cx{a}-\h’

11. A tangent to the parabola (x+ y)*=4a4 tuts the
hyperbola xy=¢? in the two points P and Q'.'\\Prove that
the locus of the middle point of PQ is4le hyperbola

_ Wylr—y)=ax. )

12, Prove that the locus of the/middle points of
chords of the circle ¥+ y2=4* which/touch the hyperbola
H—y=dls, dgtspbfegingag®).

13. Tangents are drawn from any point on the circle
4y =a® to the Elhpbé ~—-:— +- %%— 1. Prove that the
locus of the nuddie\pomts of the chords of contact is

\\*' (# LYY Py
l a® b gt
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where
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&
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CHAPTER V.
PARABOLA.

have seen in the last chapter that :

(1) The equation to a parabola having any po,m‘!s

{(h. k) for its focus and any stranh’E Tine
A.x+By+C 0 for its directrix 15 \
, Ax-r B + &2
The necessary and sufﬁc:l&n’t\ cond.ltmns that
the general equatmn % the second degree may
www_d hrawli raby 0]“& }; .

represent a parabo}a are N+ =ab,
The stendard of" “the simplest form of the
equation to a parabola is yi=4ax ; Art. £20

latus rectnm is 4a, Art. 424

the }bcal distance of any point {#, ) o
Atds atx, ' Art. 424

.‘\

{Ci "the equation to the tangent at any point

(&', 3"} is yy' =2a{x+ ), Art. 431

Hence the eguation to the normal at any
3 ! ’ . H I y’ ¥
point (+’, ') onitisy—y'= — 5 (x—%").

the condition that the st, line y=me+¢
may be a tangent is ¢=afm. The corres-
ponding conditions for the line lz+my+n=0
and x cos <+ sin A=F are pi==am® and
P cos d+a smzat-»o, respectively. Art, 432

.‘\“
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(¢} the equation to the two tangents that can
be drawn to it from any ontside point (&', ¥')
is (¥~ dax) (y2—dax)={yy —2a(x+4)}

Art, 441

(f) the equation to the chord of contact of the |
tangents drawn from any point (%7, 33} ‘i)
=2 {x+ %), A.rt" 442

o

(g} the equation to the chord havigg; (xl, yl) for
its middle point is v \
Y —2alx+xm) =i~ 4&:9;& Art, 450

{(#) the equation to the ch@meter of a system
of parallel chordshgiven by v=mx+e¢ Iis

VSRR R H 8 Y Straight Tine parallel to
the axis of the yarabo]a Art, 452

(f) the equa:’smh to the polar of any point
(#, 3\ with respect to the parabola is
.?.‘V{%.gﬂ(x"rxl)- Art. 460

5-2. The’co-ordinates of any point on the parabola
¥=taz ilerms of a single variable 4 can be expressed
as {af?, ti{a&], ¢ being called the parameter for the point.

"N Y : N . . . ]
\Eor brevity such a point is designated as the point 4.

o\ M The equation to the chord joining the points 4’ and %’
"\ on the parabola y?=dax is clearly
‘: 2at, — 2af R
_}"—Z(Etlz‘ﬂg; 1 (x a!l ]

o7 ylhtt)=2(x+akt,).

Hence the equation to the tangemt to the parabola
at the point ¢ is

M=x+af?,
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The point of intersection of the tangents at amy

points %, and ¢’ could easily be verified to be
{Gﬁfﬁ, a{il"l"f;)}. .

Comparing the above equation to the tangent with the
corresponding equation in the m—iform* the geometrical
significance of ¢ is evident. Itisseem to be Ijm f.e. the?
Cotangent of the angle which the tangent at the pblnt
mekes with the axis of . A

Thus from this relation between ¢ and m»ﬁhe\ tangent

¥y= #Sx+= is seen to touch the parabola\y =4ax at the

point (ﬂ{mE 2afm). ’..\
53. It has already be%‘t,: Y qjglle 11L]u Art. 440 that

thiough any point (x;, 3,) two tangents can B8 Sdfhwn to
aconic. For the particularicase of the parabola, this
tould be more easily déﬁiénstrated thus.
The straight line ty\_x+ ai? is a tangent to the parabola
Y=4dax for all vskzqs of £.
If it is to pass through a given point {x;, y)
PN by, =%, + af
ST o at—gy =0
T%S equation being a quadratic in ¢ gives two values
- fotit Hence two tangents to the parabola pass through
(¥l ). The nature of these tangents, bowever, depends
v tpon the nature of the two values of ¢ in the equation.
They are zeal and different, coincident or imaginary
2ceording as
yE>= or <dam
—_— i

Ve ;‘% {See Art, 4-32)

*
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t.¢. according as the point lies without, upon or within
the parabola,

Ex. 1. Shew that the ortho-centre of the triangle formed by
three tangeats of a parabola lies on the directrixz.

Ex. 2. If two tangents fo a parabola intercept a constant
length on any fixed tangent, prove that the locus of their point b{
intersection is another equal parabola. 7N

Ex, 3, The product of the tangents drawn from & pom.tP
to the parabola y*=4ar is equal to the products of the focal
distance of P and the latns-rectum. Prove that t&a\locus of Pis
the parabola Y =da{x+a)

540. From the equation to the\gangent found in
Art, 52 the equation to the normal t@\t\he parabola y=4az
at the p OmEur\{r s eep.b%g%(; org.ifi )"

y—2at= —t(x- at?)
or  y= -tx+ 2at-+ at?

The correspondmg equé.tmn in the s —form is obtained
by putting ~¢= m\m the above. Thus the straight line
AV =mx— 2am— a3
is & normal to }iﬁ parabola at the point {am?, — 2am).
541, \’l‘hat through any point (x;, y,) three normals
can be, @fawn to a parabola could be shown with the
help aflany one of the above equations to the normals,

he straight line y=mzx—2am—am? is a normal to the

Q pa.rabola for all values of m, If it is o pass through a
fixed point {a, )

wm=mx; — Jam— am?
o amdtm{2a~— ) +y,=0.

The above being a cubic equation in gives three

values of m, showing that three normals cam be drawn
through (x,, ). .
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Er. 1. The normals at the points where the line y=mz+¢
cufs the parabola 3° =4ax mect at P. Find the co-ordinates of
the third point on the parabola the normal at which will also
pass through P,

Ex. 2. Shew that the normal chord at the point on the
parabola ¥¥=duax where the co-ordinates are equal, subtends a nght
angle at the foeus, M \

e

Ex. 3. Shew that the locus of the poiat, from w];lieh the
three normals te the parabola ¥ —dgx cut the axis, inghe points
whose distances from the vertex are in Arithmetical Progressmn,
8 Tayi= 2r— )3, N

Ex, 4. Trom a variable point in a fized normal two other
normals are drawn to a parabola. vag,tb}}a.‘t the line joining

their feet is parallel to a fixed line. ~\

E%. 3. The normals at H«%Muﬁﬁ'ﬁ?ﬂzcgfrent and PQ
meets the diameter through R Oﬁ the directrix. ove that
P@ touches the parabola \

¥ —}-‘lfiﬂ(ﬂf-%a)

Ex. 6. P, Qand R Ate the feet of the normals drawn to the
Patabola 3%:=qax from\khe point (4, &), Shew that the sum of
the squares of the s\igs 6t the triangle POR is

2(h—24) (h--102).

Ex. 1. qumals are drawn to a parzbola from a point P,
Find the 4Q(m=: of P if ome of the normals bisects the angle
betwecntife/other two.

5\5 Below are enumerated some of the simple but

..1mportant properties of the parabola, which are left as
"\ “exercises for the student to vexify :—

{a) The sub-tangent at any point of a parabola f.e. the
portion of the y—axis intercepted between the
tangent and the ordinate at the poinf, i
bisected at the vertex, and is double the abscissa.

of the point.
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(6) The sub-mormal at any point of a parabola 1.,
the portion of the x —axis intercepted bhetween
the, normal and the ordinate at the peint, isa
constant quantity, equal to half the latus-rectum,

{¢) The tangent and normal at P

() make equal angles with its fdc’ai\
distance and the axis, >
{#) bisect the angles hetween {13 focat
distance and the perpel\dlcular from
it upon the directrix)
(45} make an intercepb.an the axis which
is bisected at fhe focus.

{2) ulfr\atléﬂ:rmnmt}abrgnﬁl:eéfs the directrix in K,
the angle PSK is a.:ig’ht angle.

(¢) The locus of theg fobt of the perpendictiar drawn

from the focus to a tangent, is the tangent at the

vertex. m<

(f) Tan@@& at right angles meet on the directrix.
(2) Tangents at the exiremities of the focal chord
"meet at right angles on the directriz.

QQ\ “Tangents from an external point subtend equal
\ * angles at the focus,

Miscellaneous Exercises.

() 1 Find the equation to the parabola whose focus
/ is the point (—1, 3) and whose vertex is the point (4, 3}-
Also find the equation to the tangent parallel to the
.axis of ¥,

2. Find the equation to the parabola whose axis i

the line x4 2=0, whose vertex is the point (—2, 3) and
which passes through the point (—1, 4).
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3. From any point on the latus-rectum perpendiculars
are drawn to the tangents at its extremities. Shew that
the line joining the feet of these perpendiculars touches
the parahola.

4. Two equal parabolas have their axes parallel a.n\d
a common tangent at their vertices, Straight lines 'a?re
drawn parallel to the direction of either axis. Shew that
the locus of the middle points of the parts of 48 Hnes -
intercepted hetween the cutves is an equal pa@bola

5. Shew that the fwo parabolas w}uch have the
same focus and their axes in oppos;t&\dxrect[ons are at
tight angles to each other,

s 3

6. The vertex of a ng}&iﬁ&azﬁﬂﬁdery@ ifase is of

constant length and moves| “along a fixed straught line
Shew that the locus of .the ‘centre of its circumscribing
drcle is a parahola, a |

7. If the cirdé x\f 32+ax+ by +¢=0 cuts the parabola
¥=dax in four }Qints the algebraic sum of the ordinates
of these pomts will be zero,

8, ﬁ{hﬁ triangle PQR is inscribed in the parabola
Y=4y“and PQ, PR pass through the points (0, 4]
(Q.§ 4a) respectively, Prove that (R touches the circle

\' xﬂ+y9-—4@x
"\ 9 Prove that the locus of the point of intersection
of normals at the extremities of a focal chord of a

Parabola is another parahola.

\

10. Circles are described on apy two focal chords
of & parghola as diameters. Prove that their comimon
chord passes through the vertex of the parabola.
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11. From any point on y2=a(x+m), tangents are
drawn to y*=4ax. Shew that the normals to the second
parabola at the points of contact of these tangents inter-
sect on a fixed straight line,

12. Tangents are drawn to the parabola 1*=4ag
from a given point P, which make angles ¢, a,(to))

the axis of » PFind the locus of 7 when tanf, + bans,
is constant. N

S

13. A chord of the parabola jy2=dax pa;isés through
a fixed point (4, E). Through each éxbehity, a line
is drawn parallel to the tangent at the\ather extremity.
Prove that the locus of the point.Jf, ifitersection of these
two lines is the parabola AV

www.d bl'@j};‘j bra 21 gﬁ,}ﬂk -3 ).

14. Find the orthoceaffé of the triangle formed by
joiring the three pointston a parabola the normals al
which pass through gt given point (i, ).

If the point({) %) lies on the parabola itself, shew
that the Iocus‘o}‘}he orthocentre is the parabola

Q" Ye=a(x+6a).
15.9Prove that the locus of the intersection of
tangénts to the parahola Y=4ax which intercept a fized
letigth on the directrix is ’
A (x+a)2( ¥ —dax) = a2,
™ 16. P is the pole of the chord Q ¢, and perpendi-
culars from Q, P and Q" are drawn on any tengent to @

parabola. Shew that the lengths of these perpendiculars
are in Geometrica} Progression.

JA. Shew that the locus of the poles of the tangents t0
the parabola y2=9lx with respect to the circle #2+¥* =
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is a circle passing through the origin and touching the
y—axis.

18, Shew that the locus of the poles of chords of the
patabola 1*=4ax which subtend a right angle at the &
focus is given by - AN
=1 +dax+1at=0, N\

I?. Prove that the locus of the poles of gﬁgr&s of
the parabola. 3y?=dax, which subtend a constant angle «
at the vertex is the corve O

(x+4a)?=4({ V¥ —dax) coPP>
(N
20. Tf tangents be drawn to the‘parabola yi=4ax from

any point on the parabola y2—4ax the normals at the
points of contact will mee’svmvfﬁhmumn ary.org.in v
yia—4a') 3-1-4&@ (x—2a}3=0. :

21. T two fangents o a parabola make equal angles
with a fixed straighf\ine, shew that the cliord of contact
must pass thr g@a fixed point.

22. ShewNthat the locus of the poles of the normal
chords of the parabola y?==4ax is

N (x+ 2a) v+ 4at=10.
3) Prove that the circle circumseribing the triangle
. f'f"rﬁ‘e‘i by any three tangents to a parabola passes through
the focus,

24, ‘The polar of P with fespect to a parabela touches
a circle whose centre is the focus, and whose diameter

is equal to the latus-rectum, Find the locus of P.
[Agra U, 1931]
2. Two chords of a parabola are drawn in given
ditections so that their lengths are in a given ratio. Shew
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that the locus of their point of intersection is a straight
line, [Agra U. 1936

26. Prove that the middle point of the intercept
made on a tangent to a parabola by the tangents at two
Points P and @ lies on the tangent which is parallel
to PQ. [Agra U. 19371

L27. A tangent to the parabola Y2+ dbx =0\ thieets
¥=4ax at P and Q. Prove that the locus of Ahe middle
point of PQ is 42(2a + b) —4aix. 3{?4?3. U. 1934]

28. Shew that the locus of the middle point of a
variable chord of the parabola y2:4f§:€;.\such that fhe focal
distances of its extremities are inf@ratio 2 : 1, is

NS oA +a). (AN U 193]
»29. Two parabolas hay® the same axis, and tangents
are drawn to one from poigts on the other, Prove that

the locus of the middle points of the chords of contact
is another fixed pa{razsola.

+30. Through each point of the straight line x=my+h
is drawn a (Chord of the parabola yi=4gx which is
bisected in e point. Prove that the chord touches the
parab?lz-&fy +2am)i=8a(x—h).

N\
\’31 The Jocus of the middle points of the normal
,c]@ords of the parabola y2=4ax is
4 .\‘: 3

> 4

. Vo |
)} 52 + P =x—2a.

32. PVis the diameter through the fixed point P
on a parabola, and QV any ordinate to it QV is bisected
inMand PV in N. Shew that the locus of the peint of

intersection of PM and ON is a parabola touching the
given parabola,



CHAPTER VI
ELLIPSE,

6%, From Chapter IV it will be seen that : A
P &

(1)

The equation to the eilipse having any p&mt"
{(fr, &) for its focus and any straxgh‘ﬁ line
Ax+ By+ C=0 for its directrix is, ¢

(BB} (y—F)2=e? ff‘jfygﬁm #11.

'x'\' where e< L.

The pecessary and sniﬁ'é:}nt conditions that

{2)
the general eqn;a\.’ga% ﬁhﬁpﬁ- 3;;%13%31;]11 degree
may repre%eut an &llipse are
{_S#O and A% <ab,
(3} The standard or the simplest form of the
: equa‘agm}\&; the ellipse is
’i&}ﬁff:l* ft=a(l—e%).]  Art. 421,
o : .
Where;‘(}; latus rectum is % Art. 424,

\\*3 (8} focal distances of any point (&, ¥') on it

are {a+cx’} and (@—ex’). Thus their sum
s constantland equal o 2a. Art, 424,
{¢} the equation to the tangent at any point
(. 3 is
b .
TI§ +5 ¥ =1, Art 431

this o1 *In all that follows nnless any thmg is stated to the conirary
shall be taken as the equation to the ellipse.
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Hence the equation to the normal at the
same point is

=% _y—y
x.r - yi’
a = A
Fa"Y
bl i o\ 4
e X Yy o o o
LE. 7 ;= b N\
* ¥

<N."

(@) the condition that the straight line
Y=mx+c may be a.Madgent is
A=a*m*+ 1. The corr sponding  condi-
tions for the straight liﬁés"ﬁx +my+nu=0
and x cos <+ sin o(rj: are @*P -+ bmd=n

WA dg? Sulfibzr a?if é(r-g 82 S ? K= P ? tesp ectwely,

Art, 432,

v

(e) the equatlen,to the two tangents that can
be drawn_ to it from any ocutside point

r 14

(az)g:;\\ls
gy

W ] bt at B

\ W

4 a2
o = { - +3g 1} Art, 441,

\ {(f) the equation to the chord of contact of the

AN tangents drawn from any point (¥, ¥} s

\ N

) }’J’ . .
+ W Art, £42.

() the equation to the chord having (%, %))
for its middle point is

X% _I_J’J-’l __xl ¥?

pe +53 Art. 450,
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(7} the equation to the diameter of a system
of paraliel chotds given by y=ma-+c is

FoLY_

7T =0. '
which is a straight line passing through
the cenfre of the ellipse ; Art. 452\

(¢} the equation to the polar of any pomt

{x’, y') with respect to the elhpse is’
A\

+y; 1 7 Art. 460,
\.
620 The co-ordinates of an} \Pomt o the ellipse
2
gz—l in terms of a iur\l,g@b a«{%})alle;y’ ' can be ex-

pressed as (a cos b, b sin (;S).

For hreirty such a pomt'm designated as the point ‘¢’
This variable ‘¢’ has Q] Important geometrical significance

. A circle des ed on the major axis of the ellipse as
diemeter is called the Auxiliary Circle for that ellipse,

Let P Be.\ 4 point on the ellipse. Through P draw PN
3 at right angles to the
(a1 major axis and produce
it back- wards to meet
the auxiliary circle
in @ If the angle
N A (QCA’ be denoted by
‘¢, the co-ordinates of

Q are obviously

(a cos ¢, a sin )
Hence CN=acos .




\
\

3

»\.f’i:soint ‘@, and ¢, is
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Also from the equation to the ellipse
o PN
a b
or  PN=bsin ¢.
Thus P is the point (a cos ¢, b sin d).
Pand @ are called Corresponding Points an’d"bbg\.
angle ¢ 1s called the Eccentric Angle* of the point B)

6:21. ‘The equation to the chord joining.“j,‘h‘é:‘:points

2 2 L&
¢y, and ‘@b, on the ellipse j_:ﬁ +§,—9-=1 is."‘:,\
. b sin B, —st 7
y—bsin gy=— s ¢ iy (x—a cos ¢y)

@ cos ¢y —co8
or \a%ﬁ?ﬁi%‘%#érh%’ qus-n'r———i ; % = ¢o8 Qs_lg ‘#}

Hence the equation tqftiie' tangent to the ellipse at

the point ¢ is Ny

NN
Putting g\for —, ¢ ¢ in the above we get the
canesp{u:q}ﬁ:g equation in the m form wiz

N\ Y=HE S EE L UV (2)
,\'Ql“i"le point of intersection of the tangents at the

N a ¢os bty b sin ‘é,lL‘i’?
2 2
b~ b=y
cos 2 cos - _2 ’

e e s e T s
) ould be carefully noted that the cccentric angle of 8
point P is not the angle which CP makes with the major ai5

but th, i N . :
makes with . OF (whete Q'is the point corresponding to P)
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622, The equation to the normal at the point ‘¢’
tan be easily shown fo be

ax sec p—by cosec p=a>—b. ... (1)
Patting m for % tan ¢b in the above, the corresponding

m form of the equation will be seen to be \ \‘
= 3 =) Oy

63, Some simple properties of the elhpse

(«) SG¥§ SP and S'G=e S'P. Also the tan-]
gent and the normal at P bisect the angles
K \ Between its focal distances.
;"\i (}J If the tangent at P meets the directixin K
) N\~ the angle PSK is a right angle.
» (¢) ‘The locus of the feet of the perpendiculars
from the foci on any tangent is the auxiliary
circle,
Also  SY.S'YV'=1.
(d) Tangents at right angles intersect oo a
fixed circle, called the Director Gircle.
{€) Taugents at the exremities of a focal chord
intersect on the directrix,
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(f) If the tangent at P meets the major and
minor axesm 7 and 17, and N and N’ be
the feet of the perpendiculars from the point -
on these axes, then

() CN.CT =a? .
oA\
(i) CN'.CT'=¥. AN
640, It was shown in Art. 440 that thropg‘}:}\éiily
point (x5, 1) two tangents can be drawn to -u,oﬁlc ’ For
the particular case of the ellipse this cqnid be more
easily demonstrated with the help of Art. 621"

The straight line y=smx+ 4/ Eimf'ﬁ-ig%,\\lg a tangent to

the ellipﬁs:w%zdﬁ%;ﬁﬂraﬁog,a%hﬁfth{%}fsof m. If it 15 to
pass through a given point (%18 oy
h= mx].'f’::\'/ @ + B

On simplification yheQ'ébove equation is seen to be
a quadratic in ", {~g;iving two wvalues for m, Hence two
tangents to the el{ipé’é pass through a given point.

The two ¥alues of m will be seen to be real and
different, c;oi@é“xdent or imaginary according as

o 2 g
\\ %+J—;§_ >= ¢r < L
N\

z:.je;’; according as the point (x), y,) lies without, upon of
(Within the ellipse.
C 64), To shew tha through a given point there oot
be drawn four normals to an ellipse,
From Art, 6'22 the straight Jine
(mx— V@ + b = (ad— b?)

- 2
15 a normal to the ellipse i‘—g +-y£:1 for all values of #.
@
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If this is to pass through a given point (%, )
{ma, —

YV @+ Bt =m{a? —
or bty —

b
2y + w2 {0y +

+ @t — (a? - 542}
—2maty;y +atyt==0

9%

The above being a fourth degree equation in m leads

to four values for s, which proves the proposition
652, Solved Example :— N

S )

Shew that if the normals ai the four pmnts

of the points is an odd multiple of =

A
If my, wmy, 1, and m, be the rogts~of the fourth degree
equation in m of the last %wgﬁﬁﬁa‘t}ﬂbral y.org.in
2 Pyt e (@ By
S I i
“ \ 2a*
E mlmsms:bg—:l
o ,

S 2

A s\
andh,  mmEgma, = o |

p b}xls

Also i}:ﬁf'i'l’lwbe seen from Art 622 that

N/

T tan br :u'-b— m,, where #=1,2 3or4
\*“; a

NN Now dan (gt ot st )

~\J

\

\ _ Zian ¢y — Zlan ¢y tan ¢, tan &,
’ 1—Ztan ¢, tan -+ tan ¢y tan ¢, tan ¢, ian gy
b b3
2 _r "
Y i e o
g 4
P

b
*g Zntym; + E b Py R

Hence ¢+ ¢+ b+ ps= (201 1)

« N\

B by

and ', are comcurrent, the sum of the Scontric angles
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Examples.

L. Find the equation of the ellipse with axes parallel
to the co-ordinate axes, centre at (6. T}, stun of the focal
distances of any point 20 and one end of the minor axis
at (5, 12). Find the co-ordinates of the focii.

2. Tangents are drawn at pairs of points of an elhps& .
whose eccentric angles differ by 2« ; find the Iocu,s Jof
their intersection. : RS \\

3. Anumber of ellipses on the same maim: axis are
cut by any common ordinate ; Shew that e tangents _

at the intersections all meet in a point. )

4. If the circle described on SS{ as diameter cuts
the minorawis dbvkundAy pgowe Mhat the sum. of the
squates of the perpendmuiars»from & and %' on any
tangent is constant, .v.:

5. Tangents to the dHipse = & +bg_1 make angles

g, 6; with the mam; axis, TFind the locus of their
intersection whe \cot th+eot g, is comstant,

6. Shew th?.t the line lx+my+n=0 is a normal to
the ellipse N\

R R

7\ From C the centre of an elhpse a line CN is
drawn perpendicular to PN, the normal at any pointP
on the ellipse, and PN is produced to T so that PN, PT=ab.
Prove that the locus of T is a circle with centre C and
radius {g—b}.

8. If the eccentric angles 6 and ¢ of two points on

the ellipse — +y 75=1 are connected by the relation
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sec G+sec ¢=2, prove that the chord through these
points will touch the ellipse

4y 3 4

B gt

as 2 a

9, PQis a focal chord of an ellipse. The tangents
and normals at P and ( intersect in T and R respectiv ely\
Shew that TR passes through the other focus, . O

10. Tangents are drawn from points on thé _eltipse

5 1
= -'r-%g—r.l to the cdircle 224 3%=+% Shew that the

chord of contact touches the ellipse agx{%—»‘bgyz-——-ﬂ.

11, ¥ind the locus of t@%\&ﬂéﬁﬁ%}fn@r of tan{geﬂts at
the ends of chords of an e]hpse» “which are of constant -

length %¢. &N

12, The polar of a po};ﬁ; P with respect to an ellipse
touches a fixed circléhwhose centre is on the major axis
and which passcs thr\tgh the centre of the ellipse. Shew
that the Jocug Bf> P is a parabola, whose latus-rectum
Is a third pIOpQItlonal to the diameter of the circle and
the latus- :reCttlnl of the ellipse.

A
13\Find the length of the polar chord of the
Pomhk &} with respect to the ellipse

f\.' i _5‘L~1

\ w 4 a? F2

N

14, Shew that the locus of the pole, of a tangent to

the ellipse 3, -rg: L—-1 with respect toits auxiliary circle,

I8 a similar concentric ellipse, Whose major axis is at right
angles to that of the original ellipse.
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3 }rﬂ
E)

15. Chords of‘ the ellipse -+ = =1 always touch- '

X
74

T

13

the concentric and coazal ellipse % 4.2 =1. Find the

locus of their poles. 4
18. Prove that the locus of the pole with respect tg |
2 2 ¢\
the ellipse ':—2 +?:1 when perpendicular on its ,1:5(?1&1"

from the centre is constant, is a concentric andl “goaxal

ellipse. M'\'\.'%

17. Shew that the locus of the poled of the normal
chords of the eliipse PN

22 3 . as Cb\xs‘ v . s .
wwggf,dbrg‘gl?blaryﬁorg}g 'f‘—j;g_ ={a?—b*)". -

18. Shew that the gl’iiies Ix+my+n=0 and
Vr+m'y+n'=0 are conjugate lines with respect to the
2 2 N
ellipse - +-3-=1, provided that a¥l'+ b’ =t
. K
If two cong'&fg‘até lines cut at right angles at (4 &
and one makngan angle g with the axis of %, then

:‘.‘\"‘,"’ fan 26=- 2kk- — . "
7. SR —a?) + (B — )%
\@.\KhShew that locus of the middle points of chords
J}.f’él ellipse drawn through one end of the majer axis i8
N another ellipse. Find its centre.. L

\
3

\

20. Shew that the equation to the locus of the middle

2
i

peints of chords of the ellipse Tf; + %z 1 which touch.

the circle 22+ 32 =¢? is .

E }‘2 £ 3
— b =B L
{ at &2 =¢ { at * B }
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21. The locus of the middle points of the chords of
A2 42 '

pEN) b9+2_1

the conic

)
which touch the ellipse — + g: =1

- Sy
is the curve ) st\ )
{_,{3_ 42 } 3 _ axl + B2y ~".f“}“
Ath BPrA) (@R (B

22, Tf the normals at the four point@. o 3 5 (%, _1.;2 ;

N
{%5, y;) and (x4 ) on the ellips€s - +-b——'1 meet in
W dbxaulﬁu ary.org.in
a point (#, k), prove that . {

\

. 3 1
{f) (xl+x3+x3+x4)( %z - +;—;

7

xs

1 1)
= N T N
(y\P y,+y3+y4)( w3, 1,

--,\,

S (aai

N
O

"\?}' " 660. We have seen in Art. 6'1 (4} that the diameter
of the system of paraliel chords given by y=mx+tc,
to the ellipse 42/a2+ y2{B3=1 is xf/a?+my[6*=0, Denoting
this diameter by y=mx, we can say that the diameter
Y=mx bisects all chords parallel to the diameter y=mz, if

= —b‘[azm

%‘fﬁx‘ and y—‘*-)%y’—y“ are constants.

i.e, mm= —PHal
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Since m and #; in the

D . P above result are inter-
changeable, y=mzx red-
7 procally bisects all chords

parallel to y=mya. ’I‘wg

diameters PCP’ and DEDY,

D <o related that egxc’i:l\bi-

gects chords Pai‘éllel to

the other are called Conjugate Diameteg‘i('l‘he con-

dition for the conjugacy of y=wmx and’ Jmx is then
mm, = —b?a?, A

6°61, To shew that if PCP’ is fbii:ﬁimete? and Q any
Doint on ‘ﬁ}%ﬁw‘?&%@gﬁbfr}?a{"rg?:g?f’éffﬁ’?"pamu“"g o the chords
QP and QP', known as supplemental Chords, ar
conjugate. N

Let P and ( bethe
points ‘¢’ and ‘g’. Then
the co-ordinates of P, P’
and ¢ are

{a cos ¢, b sin ).
(—a cos ¢, —bsin @)
and (acosg, bsing b

respectively,

Hence the m’s of QP and QP’, and therefore, also of
the diameters parallel to them, are

b sing—sin g q ® sin 6+sin ¢

& €05 0—cos ¢ a cos §+cos @

2 .
The product of these two w's being ——b—s, the dia-
@

meters are conjugate,
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6-62. Some properties of canjugate diameters,

(a) The eccentric angles of conjugate diameters
differ by af2.

I,
B 3 2N, ¢
28N
P <N
D o~ J.\.\ o
L el « N/
-7 4 wl
PR TERIR
e o !
| T ATTS c s JZ T
'\
T
-P h
N\
B %7
N\

If PCP and"W"Hé‘bﬁ%V GbfiHyate dia-
meters of an e]hpee P and D being the points
g and ¢ :éspectwely, then tangents at P
and D aze ™

QO #0058 v sin 6

=1
O
N
O ang ¥ ysind_
¢/ a b
/> Parallel diameters are
\V ]
A\ xoos 6 ySme_ o
..‘.\\ PR
O and xcos¢+ﬁz@=0
/ 7 b
\ Condition of conjugacy gives
cos ¢ cos ¢+ sin & sin §=0
or cos {g—8)=
or P—b = =f2%
‘-‘_--_-_-—‘—-—

*(¢ —4) should not be confused with angle DCP.
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(b} Tangents at the extremities of a diametey
care pavallel lo ils conjugate diameter, and
therefore to the system of chords bisected by

the former.
.. beos B |
Now m of the tangent at Pis _aséﬁ\@‘i}
Alsom of DCD' is 2517 Ay
s (}S R

By {a) the two m’s are the samg\
(6) CP24CDP=ai+ B2,
The co-ordinates of P a,n@\\D from (a) above
are (a cos @, b sin 9) aii {—a sin g, b cos 6)
wwHedmgaulibrary. org.m~
CP+CDR mla“cosge + Bsinta)
\ ‘: + (atsindc + Yeos’y) =at + B
(d) The arei{}f the parallelogram T\T,T, T, is 4ab.
T Kg?;v——‘j: TPCD. .
N\ =4 CD. CF where F is the foot of
Q) , \J the perpendicular from C onPT;.
\ 7 Now CD=+dcos®+ bisin’¢h
%  Equation to PT; is bx cos g+ ay sin g—ab=0
) and so CF= ab

—Y—_—
X 3 ~ a2 stnd g+ B cos® @
ab

3
T V@ oo LB sint

[- p-e=3]

Hence  CD.CF=ab
So that T,T,T,T,=44b,
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(e) Sp. S’ P=CD* -
SP =a taecos @
SP=a —aecos @
Therefore SP.SP=4a"—a¢* cos* §
=g~ (a®—0%) cos? @
=a? sin® G+ 5% cos® 0 O\
(f) There is one, and only one, set cy‘f@tﬁ.li-'
conjugate diameiers i.c. conjugaﬁf:‘gﬁaﬂkeiefs
eqreal tn length. O
If CP*=CD? RN
alcosig + bisin®g _;{Es}nﬁe-i— Eeos’g
AL
or COTRERTRTY OrRIAR [ a4 8],
Thus F and D are the ‘points (a2, b/v/2) and
{—a/ 2, b/y2) and sothe equations to equi-conjugate
diameters are ay=»k\and ay+bx=0 f.c they are the
diagonals of the, if‘g}tan‘gle formed by the tangents to the
ellipse at the e;x}x}rﬁities of its axes.

Hach ome~of these equi-conjugate diameters is of
AN
length );\2,(&2%' 5)

~E ] _y 24k
\Y\Qw the angle between them isfa™" 75
with respect to

% Ez. 1. Prove that the polar of a point P
pjugate to the

W\Jen cllipse is parallel to the dismeter which is ¢o
\ / diameter through P.

Ex, 2. Tind the cquation to the diameter of the ellipse

| #fa’f ¥ P =1 conjugate to Ix+my=0-

ents to the ellipse ety =18t

Ex. 3. Prove that the tang
—p, meet on one

the points whose eccentric angles are § and 00°
©f the equi-conjugate diameters.
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Ex. 4. CP and €D are the conjugate diameters of an ellipse,
Find the locus of middle point of P5.

Ex. 5. Through the foci of an ellipse, perpendiculars are
drawn to a pair of conjugate diameters. Prove that they meet on
a fixed concentric ellipse,

Ex. 8. If the points  of intersection of the e}.l.ipges\
#la' Ty =1 and 243 =1 he at the extremitiqs\' “of
conjugate diameters of the former, prove that a® - b7 g2,

Ex. 7. Prove that the locus of the intersectigndof the
tangents at the extremities of a Pair of conjugate ‘dimeters of
the ellipse #%fa*+ 3%5°=1 is the ellipse 2%/qi4 3302,

Miscellanecous Exercis.gs.

LA circle is described whic]}{i)'asses through the
point (0, 2) and touches the circla’? + 32 =16 internally.
Prove tha‘tf“‘t‘ﬁéibﬁ?éﬂ-ébb‘fli%soé&%}é is an ellipse whose foci
are the origin, and the point, 05 2).

2, Pind the comn}éﬁ' fangents to the ellipses
e 4 P P
LN AN Y g, : : I
" g +b5 1 m1§~~?a"'+aﬂ+b‘3_1 ; and shew that they
are parallel to t@e"diagunals of the rectangle whose sides
are their direchrices,

3. Ajpdsabola is drawn to touch the major axis of
an ellipge,"the point of contact being the centre of the

ellip{'e,. ‘and the vertex of the parabola. Find the ratio
of\the axes of the ellipse if the curves cut at right angles,

(Y 4 Prove that the locus of the intersection of the

" normals at the ends of conjugate diameters of the ellipse
%2

¥ .
e +~§ =1 is the curve

2{@?5 + By 3= (@ — 89)2{ary2 — p2y)2
i 5. Q@ is any chord of an ellipse parallel to one of
1ts equi-conjugate diameters, and the tangents at @ and ¢’
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meet in P. Shew that the circle QPQ’ passes through
the centre of the cllipse.

52 2
6, The tangents at P and Q on the ellipse —5 o + "J,;_;

meet at the point 7, and the lines PS and (5" meet

=1

on the curve. Shew that the locus of T'is O

y'— 1—é? O
{ } =1 AN
Ty O

. L A
7. Lines are drawn through the origin  perpendiculer
A

v
. x
to the tangents from a point P to the ellgagg E + %—,: 1.

Find the locus of P if the lines arg ténjilgate diameters
of the ellipse, WWW. dbl‘a.l.tllbral y.org.in

8. Shew that if a polan‘to ‘an ellipse touches the
circle described on the semi‘mmor axis as diameter, the
pole will lie on a parabcﬁa whose vertex isat the end

N\

of the minor axis. {m\

9. f (%, ;’e b\}he middle point of a chord of the

ellipse = P 'gb—;«: 1, prove that the equation to the circle

desenbaqﬁm the chord as diametet is

AL
Qe i mrr -

a? ]

O N lﬁ{_fj}
} =ab {@4 T—z’):}{ P 2

N

10. Find the locus of the middle points of the chords

of contact of tangents which cut at right angles.

11. Find the locus of the middle points of chords of

an ellipse which subtend a right angle at the centre.
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12. Shew that the locus of the middle points of the

chords of constant length 2¢ of the ellipse V— -+ }E;_;:l is

X4 @ ye} o2 {v . ye}_
— P [ O SNAHE  S UG S A |
{a9+b2 }{aw‘-rb* pep be

13. Shew that if (x ¥) be the middle point of @y

2 O
chord of the ellipse — +jz:2 =1, (&, 7) the poistof
intersection of the normals, and (v, 3) that of t&q .,angents
at 1t~: extremities, then
2 3 cat . ,-"’
fi+b_“=(“a_be) { xx _&1 _

x ¥ [ \}

H. I@Bwadwyummﬁycm gAR el]rpse and F a focus,
shew that the circle on FP »as “diameter touches the
auxiliary circle. N v

15, Find the locus ofs é,’i’)oin’s P, such that the tangents
drawn from it to apelipse, and their chord of contact,
form a triangle whdsé tentroid lies on the curve.

18, Proventhat if the normals at four pointsof an

P

ellipse PGy =1 are concurrent, and two of the points

. A
lie Q{t‘he lme e 0, the other two will lie on
AN I3 b
J’ _

\15{19 line = a; b =1,

Also prove that if two lines drawn through the
point (2af3, 25/3) meet the ellipse at four points, the
norinals at which are concurrent, one of the lines will be
4bx—ay=2ab, and find the equation of the other.

17. Shew that if a circle cuts the ellipse in four points
the sum of their eccentric angles is an even multiple of .
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18, The normals at the points P, O, R, T on an
ellipse meet in a point, and the circle through P, ¢, R

cuts the conic again in T°. Shew that 71" is a diameter

of the ellipse.

19, Shew that the length of the chord of the ellipse

x” ? b > Y
- -i-%; =1 which touches the elhpse 7 Tbly* 75 L1
b I"
P here b, is the semi-diameter parallel to, f‘ne ehord.
\
20, The polars of P, (xl, vy} and 8y .{x.1, ,) with

is

2

tespect to -z"; + z----—l meet the curye, fm O,R, and QR

tespectively ; shew that the 53% pomts Jie on the conic
wiww dbra 1} library.org.in

{fz +_—?}i___ }{x,x, J’lé&_l

(-IE b' a~ 'v ,b""
:{ N 1} {ﬁ +y_yg_1}
” 4 B a* b
\
21, PQis \Q\chord of the el].lpse +~yb.—'1 such

that the hnes joining it to the foci meet on the ellipse.
Prove ’ggat the locus of the pole of the chord is

o Ea—
"/ =1.
% (Qa* )

& ' %3 =1 is intersected by the lines lx+mr=1 and
VX¥+m'y=1 meet in a point, shew that a?ll’
o the two parabolas passing
point

=pmm'= —1.

23, Find the equations t
through the feet of the normals drawn from the

{#, k) to the ellipse E +§ =1.



CHAPTER VII,

HVPERBOLA, ,.\' )
7'1.  As for the parabola and the ellipse, ,Lt wdl be
seen from Chapter IV for the hyperhola also, tlmt

\

(1) The equation to the hyperbolzi, having any
point (A, &) for its focus\ 2aid any straight
line Ax+4-By+4+C=0 fo(its directrix, is

wrvgdhr wppadged T BYTOY 4y,
(ahrapipysy H)w aap M

.‘{“ where e>1

N

(2) The necessagy and sufficient conditions, that
the genéral equation of the second degree
may fepresent a hyperbola are

A+0 and Ko>ab

{Ei):i‘.The standard or the simplest form of the
/0 equation to the hyperbola is

Y & i .
,\\~" % —%:1*, [B=ae -1); Art. 2L
AN 2
\\\/ where (4) latus-rectum is 2% Art, £24
) 2

(8) focal distances of any point (x, y') onit
are ex'ta and ex’ —a. Thus their diffe-
rence is constant and egual fo 2a. Art. 424,

I
*In all that follows, un] Lrary
this shall be taken as thu ety thing is stated to the cox

& equation to the hyperbola.
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{e) The equation to the tangent at any
point (&', 3} is

wx _3.’2’::1 Art. 4131,

> =
Heunce equation ta the normal at the~
same point is \\ )
x-x  y-¥ 4 ,Q v
R o
¢ B \{:'\{.
. atx b’y | ’
1.6 — - Y5,
TN

{d) the condition thaf }he straight line
y=mx-c HAY H@é’%‘é‘ﬁ@%mrgqﬂ Ut -— .
The corresgonémg conditions for the
straight Imés I +my4-n=0  and
X €08 ={+y'sm x=p are % -Pur=n?
and Wa\\‘os A B sin? =" respectively.
\'\\' Art, 432,

(@}f,t;the equation to the two tangents that
N can be drawn to it from any outside
O3 point (%', 3} is

o\{
Nl 2 g e
N L RS N O
o> 5
\™ _Sa’ 3y } :
J = {EE. - - Azxt, 441,

" {f) the equation to the chord of contact of
tangents drawn from the point (', ¥} is

w3y Art, 4°49,
@ b .
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(g) the equation to the chord having (x, y,)
for its middle point is

GO N N OO

& b aF B o

() the equation to the diameter of a system .

of paraliel chords given by y=wx 5K

\/

x_my_

g B 0 \ ?
which is a straight line pa&:};ﬁg through
the centre, v Art, 452

({)° the equation to the'polar of any point

(#', ¥) with rec,pect to the hyperbola is
www.dbraulibrary. gra.in
PEas y’ﬁl

= Art. 4'60.
a2 O8N B
7:20. The co-ordin;it’és‘ of any point on the hyperbola
4 2
Z_z - %’—9_1 in teams of a single variable ‘¢’ can be ex-

pressed as a\& (ﬁ btan §). Such a point is designated
as the pomt“q& Tlike the ellipse, however, we do
not propose to investigate the geometrical significance
of tlns atiable ¢ for the hyperbola.

(%7 21, The equation to the tangent at ‘¢’ will be
Easﬂy seent to he

¥ sec ¢ ytanqﬁ_l
a &

7:22. The equation to the normal at ‘¢’ will be
ax 60 p+-by cot p=a 17,

7-23. 'The equation to the tangent and the normal
in the m -form will be seen to be the same as the
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corresponding equations in the case of the ellipse with
the difference that 5 will be replaced by —&.

Arguing as in the case of the ellipse it could also be
shown that through any given point two tangents and
four normals can be drawn to a hyperbola.

73, The properties of the ellipse enumerategi\fiz\f"

Art. 63 can be shown to be true for the byperbola, g:sfféll.
The proofs are left as exercises to the student. /] Hus’
W

3
N

i

N
o\.‘o
\ 4

. Dok
\(@ SG—c.SP and 5'G=c.5'P. Also the tangent and
MQ normal at P bisect the angles between the focal
| :“\:f" ) distances.
\ ) (b) If the tangent at P meets the directrix in K, the

angle KSP is a right angle.

(¢} The locus of the feet of the PefPEHdic‘flars from
the foci on any tangent is the auxiliary circle
i.e, the circle on the transverse axis as diameter,
Also SV. §V'= —¥.

N

N ’



112 CO-ORDINATE GEOMETRY

(d) Tangents at right angles intersect on a fized
circle, called the Director Circle of the hyper-

bola.
(¢) Tangents at the extremities of a focal cherd
intersect on the directrix. O\

(f) If the tangent at P meets the tl’il‘:\"el‘Se‘Eilld
conjugate axes in T and T’ re~pe<,uve]€' and
N and N’ be the feet of the pel*)end\cnlars from
the point on these axes

(i) CN.CT'=a®
(@) CN'CT'= -t \

www. dbraulibrary. org ind

W

Exan'}p}es.

1. Find the equatmn to the hyperbola whose direc-
trix is 2z y=1, f0c1{; (1, 2) and eccentricity /3.

2. Tind th‘e&ccentnclty of a hyperbola whose trans-
verse axis is 34, whose axes arc the co-ordinate axes
and whichas ses through the point {x', »'}.

N
"\“The difference of focal distances of any point on 2
'hy\pgbola is 8, and the distance between its focus and
ditectrix is 2/,5. Find its equation, if its principal axes
‘} Zare parallel to the co-ordinate axes and its centre is at the
pont (3, —9).

Also find its conjugate axis, latus-rectum and the
vertices,

4, Find the equation to an equilateral hyperbola
having its centre at the point (4, 5), with its axes parallel
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to the co-ordinate axes and with one of its vertices
on the v — axis,

Find also the equations to the directrices and the
co-ordinates of the foci,

5. If 2 variable line forms with two fixed perpendi;s\
cular lines a triangle of constant area, shew that Jthe™
locus of a point which divides the intercept made on the
variable line in a given ratio is a hyperbola, G

RS,
6. Tangents are drawn to the patabala 3*=4ax
making a constant angle « with each other. Prove that

the locus of their intersection is a hyp@bela whose eccen-
tricity is sec <, www,dbraiuliiarary.org.in
7. Given a chord of a pdtabola and the direction of

its axiy, shew that the locusg Erf" the focus is a hyperbola
whose foci are at the e{(treﬁiities of the given chord.

5. The tangent”ét a point P of an ellipse cuts the
hyperbola having'the same axesin Qand R, If C is the
common centfeYof the two curves and V the middle point
of OR, PT@‘«‘E ‘hat the angle VCP is hisected internally
and e}ﬁt@i’ﬂ\cﬁly by the axes,

Al . |
R\ 9" Tind the condition that the line y=mx+¢ Iy
dodch both the parabola y?=4p% and the hyperbola
} P y‘z___ )
| & Tk
e hyperbola from the

10, Tangents are drawn to th ¢
with the axis of #

point (%, £), and make angles ¢ and ¢’

o ,  2hk
Tove that  fan @+1an &' =33 5 -

3"”



114 CO-ORDINATE GLOMETRY

11. Prove that the locus of the point of intersection
of tangents to the curve «* - y*=ga* which are inclined
to each other at an angle of 453°, is the curve

(R4 3yt =da¥a -+ ' —x2),

12, Through one of the vertices 4 and the extremi-
ties P, P’ of a double ordinate of a hyperbola, a cirdey”
is drawn cutting the axis again in K. If G be the “fdot” .
of the normal at P, prove that GK s of conqtqnt length

13, Shew that in a hyperbola the c1m§3\on the line

joining the focus to any point on it touches, the auxiliary
circle, Y '

14. Shew that the condition th at‘t,he line ix+mytn=0
may be ¥ Hurfiaeulibmr l‘i\?’figrﬂbla

£y . (i + B}
i —— ;’.;_\_:- i
@t B 15 ."'19 m? #*
15. A normal tg7 "the hyperbola — —}——1 meets the

axes in M and N, arh the rectangle Jff CNP is completed
Shew that the }&}us of P is a hyperbola,

16, Fgld. ‘the locus of the point of intersection of tW0
norma].s\tg a hyperbola which cut at right angles,

V‘?’. Find the locus of the poles of chords of a hyper

‘u;lgola which subtend a right angle at its centre.
N\
O

\ 18, Prove that the locus of the middle points ‘ff
normal chords of the rectangular hyperbola a? - =0 B

(5% —?)3=4dax? 2,

19, Tind the condition that a chord of the hyperbola
X y

& B’ =1 subtends a right angle at the centre.
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20. From points on the circle 27+ 12=a? tangents are
drawn to the hyperbola x?— y*=a?. Prove that the locus
of the middle points of the chords of contact is the curve

— =+ 7).

7:40. It has been shown in Art. 430 thata straight\
line intersects a conic in two points. When bothwf
these points of intersection are situated at mﬁm{:y \the
straight fine is called an ‘Asymptote’ of the COEI{K

That there are such straight lines steczated with
some of the conics can be shown thus : \ s, '
Let a given curve of the secSB c} ree be represented
rary.org.in
by @+ 2y + by? L 2gx + 2fy+c.— 0 and’ let y=msxtk
represent a given straight ];1'1,e.‘

The abscissae of the 'i)OiIltb of intersection of the
straight line and the"cﬁ‘rve are given by

ax~+2;zx(mx+kx\ b4 B+ 255+ 3 (mak) +c=0

By the theory of quadratic equations, the roots of
this equatwn are infinite if the coefficients of 2% and #
fe“P\l\»elv vanish 4.¢. if

=N a4+ bt =0 (1)

Z“\‘:' (2
\\W and  Bhybmbrg+ =00 e )

Now equation {1} will give two real values for
mif b2 > ab.

o

Also for A%?=qb, it will give m= —hfb. This value
‘ofim when substituted I (2) faﬂﬁ to give any finite
value for &,



116 CO-ORDINATE GEOMITRY

Hence real finite values for m and % are possible whan,
and only when, A » ab. Thus asympiofes are real and
finite straight lines in the case of a hvperbola, and no

such lines are associated with the parabola or the
ellipse.

2 O\
7'41. To find the asympioles of the Ly pwbom LA

_Fz <&
The given hyperbola is intersected by the :str\algh‘f
line y=mx+c¢ in points whose abscissae df{ {given by

\

& (mxtcf 1. \%
T AN

&
{ﬁ m~ Brnow’ \:_ 1.0
www dbrau g—m "“; -

In order that the btra1ght hue may become an asymp-

'7

A b
tote — 0 or om= At
..«\ b&

x‘\

¢\J cm

am{ \ or ¢=0.

Hence t]ae: réquired asymptotes are

\’\“ 2 i2=0 and £ -2=o
N a b a b
O g o
:‘;; or —_ - y_ =

7-42. What has been said with regard to the asymd
totes so far, must have left the student wondering as ©
the physical significance of these straight lines. To clarify
this notion let us consider one of them, say

x ¥

*;; - 320

4
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The length of the perpendicular from any point (%, )
on the hyperbola upon this asymptote is

N
4 ._b_ . where jflj —}i,g =1,
fi7 1 @ b
Nz TF AN
N/
Bx -V — &) N\
;aﬁurb% \:M:\\ >
r R\,
=t e )
Va+ b R

N\ 3
A\

b &
T el : s of
JEAE wﬁ?{aﬂf@m]ﬁm@gﬁlm ]

As x, increases the,‘j}éi;.éth of this perpendicular
decreases ¢.¢. as we 'm'aw\}wtker and fuvther away from
the origin along th m%\x\fs of x, the curve and the asymptote
somte neaver and Kéqa"ér to each other.

Also if woQiave a straight line inclined to the axis of ¥

ata Smg.Ll\%{;>é§1g1e than —'::' —% =0, say, the straight line

&
2 A\%—' (1 -%) where £ is positive, it will meet the hyper-
h‘{\a

.Qﬁﬁia in points whose abscissae are given by

P x
2 -5 (1-ep=1
i ad { £)
or o {1142 -g}=1

2
or | _a_._,
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The two abscissae are equal in magnitude but opposite
in sign. ‘They increase in magnitude as ¢ decreases,
tending to-infinity as £ tends to zero. Thus of the two

points at infintty, in which the asympiote it —%:0 'S

intersects the kyperbola, one is situated on Hhe ;_z‘:osttwe sade"\

of the axis of x and the other on 15 negalive side, \:\
e

2N ‘

The case of the asymptote " +—jb}»— 0 Lould\be ‘sitni-

(v
larly argued, and the asymptotes are gs¥ \h.OWI] in the
figure below :

o
LTI, braulibl'ary_org‘?;n W 7

A geometrical consttuction for the asymptotes 13 appa”

rent. They are the diagomals of the rectangle formed
by the straight lines

~ x= +a, y= ib_
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7-43. If 29 be the angle between the asymptotes

tan p=>/a.

Hence if the conjugate and transverse axes of a
hyperbola are equal, fan g=1 i.c. #=45°, and the asymp- )
totes are at right angles. This is why such a hyperbola,
is not only called equilateral but recfangular as we’11~~
(See foot-note p. 58} O

744, Since asympiotes intersect the curve &, tze?o ﬁomts
at infinity, they can be said to be the mﬁgmts at these
poinds, and their equations can be devived a3 Suoh.

The equation to the tangent ,t&} the hyperbola.

12 y" A
@ B =1 at any nomtw[\aw glt%glibral'y_org_ill
x5 _yyi_l
& E
] = ..0 ’ ¥ '
ar' v [EPNT {_xz A }
oF ;2 i_b \‘;;‘ i =1 .. po bg .
z"”
% (1 1 1
o i’z} Np—m=
or %% & —0 as z’ tends to infinity.
/e b

7\43 The equation to the pair of tangents to the

2 Y
.hWEIbola * _ Y 1 from any point (x', ¥’} is
\ ]

AN P

SEEN LR G R ¥
{Eé_@_l}{as b _1} e ¥
If this point (2', ') be the centre of the hyperbola
, the point {0, 0) the above equation reduces to
xg y3

e =

& B
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Thus the asympiotes to a hyperbola may aiso be looked
upon as tangents drawn to it from its centre.

7-46. The above definition of the asymptotes furnishes
a very handy method for finding the asvmptotes of the

curve given by the general equation viz., ;O

ax®+ 2hay -+ by 4 2gx+-2fy +c=0. O
Tooking upon these asymptotes as the tange‘rifts to
the curve from its centre (x,, »,) the requirE{l:équation
is seen to be
(ax® + 2hxy 4+ by? - 8gx + 2fy + ¢) O
(a2, yr + by + 23, + 2f v, + o)
—{“xxl'l'h(xyl+J’x1)"‘byy1+g(”‘f"xl)+f(}’+yl)+c}2-
or axf’%xbdl:%ﬂ]—!bgg‘%‘k@ﬁ!@c
—x](ax1+kyl+g)+y,(kx1——b’v]+f) +gatfyte

=gntte=53s Arts, 451 and 286,

It has been shown‘inArt 2'87 that the two straight
lines representedi by" the above cquation are parallel to
the straight linds given by ax® - 2hxy+ byt ==0. Hence if
the second dégree terms in the equations to two comics
are the ssame, i if their equations differ only in first
degree @nd constant terms, the two conics will have their
asym'i)totes in the same directions.

N 747, Tt will be seen in the above equation to the
asymptotes, as should have been noted in Art. 742 also,
that the equation to the asymptotes to a given conic
differs from the equation to the conic only in its absolute
term. This provides another handy method for getting
the equaticn to the asymptotes. To the given equation
to the conic, we have only to add a constant such tbat
the new equation may represent a pair of straight lines.
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Thus the =quation to the asymptotes to the general conic
may be written as

axd -+ 2hxy + b4 2gx+ 2fy Fe+Hi=0. {z)
where 7 15 determined by
ablc+2) + 2fgh —af * - bgh = (c+ 1) =0. RN
e\
| _ abet2fgh-aft-bg ek’ _ A \ M
e A= — N = _ab—quf' .,‘:...(w)

Substituting the value of A from (i) in'(a')'\a;bove, the
equation to the asymptotes is seen to be ’

D alaf ! - be?
ax’ + 2hxy by + 2gx + ij‘"}“%; fke"'_g'zo'

This equation is independent 05 € .wj:ich shews that the
B wiww dbraylibrar (j'_‘ll in .
constant term in the equatiomdo the conic 1o bearing
upon the equation to its JAsymptotes, Hence all conics
whose equations differlonly in constant terms have the

same asymptotes, 4L
o .
\\ Exercises.
1. Fin,&‘i"c‘hc equations to the asymptotes of the
followir;% Byperbolas :—
OY (@) xy—8s+ay=0.

a.‘\ (i) BaP—3y®— 2y —4x+4y—4=0.

O (i5]) 24%—8y'+xy—dx—y—10=0

' 9. MWind the equation of the hyperbola whose
asymptotes are the straight lines 3y—4x—12'=0 and
424 3y~ 12=0 and which passes through the origifl.

3. PFind the equation of the hyperhola with centre
at (1, 2}, asymptotes parallel to 9%+ 3y=0 and 2y—x=0,
and passing through the point {5, 3).
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4. A hyperbola and an ellipse, whose equations are
respectively x* —Ty*=14 and 9x"+2517 =225, intersect at
a point P. The ordinate of P is produced to meet the
auxiliary circle of the ellipse in (. Prove that Q lies
on one of the asymptotes of the hyperhola,

. N

5. Shew thatin a rectangular hyperbola the straﬁh% >
line joining the centre with the pole makes the same efngle
with the transverse axis as the straight line draﬁn Hrom

- the centre perpendicular to the polar; auti‘that the
semi-axis is a mean proportional betrtepd® the lengths

of these straight lines. PN
6. The normal at P, to the~re\ct1ngular hyperbola
xy=c* mieetd SREalibrary grg;in The normal at P,
meets the curve again at P: and so on, Prove thatif
N Var Viererrannn are the ordmates of these points
Yy, = yjsyj ......... = —¢t

7. Pg, PR.are”f’wo chords of an equilateral lrypetbola,
and the angle a}\§3 is a right angle. Prove that the
perpendlcular from P to QR touches the hyperbola.

7 50\L1ke the ellipse the hyperbola has its pairs

Wﬁlﬂgate diameters, the condition of conjugacy of
Ant\ﬁ 60 becoming  mm, =5%a?.

“\. * The asymptotes are thus seen to be self-conjugate
" diameters.

7-51.
X 2

@ "557:1 in points whose abscissae are given by

Any diameter y=~ux intersccts the hyperbola

= +-- ab —
VB g
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For thesze points to be real u must be less than bfa.
Thus if both the conjugate diameters y=mx and y=wx
mtersect the hyperbola in real points, s and #y both
must be less than bja. This contradicts the above con-
dition of conjugacy. Hence, unlike the case of the ellipse,
of any two conjugate diameters of a hyperbola, only ome) \'

intersects it in real points. s\

752, If P bea point (2 sec ¢, bian ¢b) on tllE h}PEf'

2
bola % - %_-_.—q_l the diameter PCP’ is giveli’\ﬁ .

If DCD' be the corresfp@mdmg-agggm%tgl él{ﬁmeter its
equation is by Art. 730 &
b

3 zir sin QS

From what has béen said above the points D and D'
do not lie on theohv’perbola They have, however, a geo-
metrical %Igﬂlﬁ(:éh!ce which is explained in the next article.

7°53. (&0 Myperbola having the transverse and
COnjugatQa_xe;, of a given hyperbola as its conjugate and
transyesse axes is called its Gonjugate Hyperbola. Thus

) \o\ N/ yg pe: . 42 - y? -1
A\ S M =1 gr = T8
"\ xz y:‘ —1
“1s the equation to the hyperbola conjugate to —5 ~ 5y =1
& ..1isntersected

The conjugate hyperbola —- —<7 =

x in points

b
by  the conjugate diameter y=_-—- é
(+a tan b, b sec d). We designate these as the
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points D and D’, That this designation is not purely
arbifrary will be borne out by the propeme-‘ cf conjugate
diameters analogous to those for the ellips FArt, T-Ba)]

It could easily be shown that the diameters conjt-
gate with respect to a hyperbola are also conjugate
with respect to its conjugate hyperbola, and that th‘e\

property of conjugacy is reciprocal. \ O
7:54. When the equation to a hyperbola S h
is ym -1 "\§
a B
the equation to the asymptotes is A

x9 _» &
b 0\

A dbraylib
and that £5"tHe cg?ﬁlu]galfg %y perbo}a is
= o)
_—A = -1,
oty N\

These three equatioﬁé differ only in their constant
terms.  Also the dtﬁbeﬂce befween the constant ferms of
the first and Sf\bsmd is the same as thal hekwcen the
constant terms(0f the second and third ; and this will be

seent to hold\good in whatever manuner these equations are
transfomed

“ch the aid of this property the equation to a
h‘.perbola being given, that to its conjugate can be at

| oonce written down. Thus the equation to the conjugate
\‘; “of the hyperbola

' at’ + 2hxy byt +2gx 1 2+ e=0.
s ar+2hey+ By {205 4 2fyt-c= 2 &kz , since the
equation to the asy mptotes was

ax’ + 2hxy 45y + 3gx 2fy+s:ﬁ . Art. T48.
a —
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755, Some pruperties of conjugate diameters :(—

HPCP" and DCD' be two conjugate diameters of the

ij byperbola —:r - :;v =1, P and D) being the points p

' - 4 X

l la sec b, b tan i and (a tan ¢, b sec ) O\’
A

.\w
x &Spec%f@iv then

N\
viﬁ) Tangents at P and D are parallel to CD and CP.

N

N®
A\ Tangent at P is
v
xsec ylang
a &
b
[ d A= X — -t cr.’)lf (;6
a sin

a straight line parallel to CD,
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Similarlv tangent at D is

xland ysec ¢ i

a b
o y:-{)-- sin ¢ x-+-b cos o, O\
13 “\' \..:'.
a straight line parallel te CR. \"’
N ' 4 “ﬂ
53] CP - CDP=g® - 1? , O ?
L4
Now CP=a" sec® h-L-B* tmﬁ-‘\gé}\
and CD'=a? fan® 117 se‘s'\ h
Hence CP - CDimat — 12, (D

\V
() The vertices of the pamﬂdo;}; a’m T\ T, T, T, formed
W‘*’Mébféﬂ%ﬁfﬁP‘Blﬁ P and D' lic on the
asymptotes.  Also axe’ad T, 17,71, is dab,

Tangents at P g;nd‘*D ate

) ‘\@2‘-"’-’ ylang_
&

b
0 wtend ysed

i 1
i:‘) a E]
) O\ul x
(OAdding r _Y_p
AN @ b
N\
”\:" t.e., this point of intersection lies on the
'\w./ - X y
3 asymptote = ~ =2 —
) ymptote = A

Similarly for the other points of intersection.

Also T) T, T, T,=4 T, PCD
=4 CP.CF
where F is the foot of the perpendicular from &
. on the tangent at D.

7
&
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Now (P ol G R
== a_-fr-ar s;:s';ii_g_aﬂfcos &

Gl b eand
and c_zf=1/me sect ¢

: aq* b h# A
; S \t\~\
weab cos iV a4 sin? O

'! Hence 1\ T, 7, T,—4ab. ',:‘:}”5

! [ - r Bl o \\'

[ (G_,r SE. 5 P=CD? N

| Now S P={ae sec ¢ —a) O

! and S P=(ae sec cﬁM{;?} }

"\ SP. SP=d sec &Y
= ("{\]fﬁé&lﬁt@gﬁ fé:;a'?'g -org.in
By Uit
=CRRY

<{ Exercises.

1. Find th \'(éxfgth of the semi-diameter conjugate
0 the diamet@s vi=3x of the yperbola 922 —4y7=36.

2 Fi;ldi\:"the equation to the coumjugate of the
hyperbafay o
{'\’ g <1 _—

d 38 —bxy — 2934-ba|- 11y - 8=0
“o\d Shew that the asymptotes of

\"

\ 4

»/'

ax? +2hxy + &y =1 )
e conjugate diameters of A¥342Hxy+Byi=l, if .
aBA4DA—2H

4. Prove that the chords of a hyperbola, which touch

the tonjugate hyperbola, are bisected at their points of
Contact,



-

.\'i:Q‘CA and CB as axes
\~are (a sec ¢, b tan @)
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5. Shew that if two hyperbolas are conjugate to each
other, the polar of a point on either oof tsiem with respect
to the other is g tangent to the first,

6. If the polar of any point with rexpect to the hyper-
bola  b2x2— g2g2 - gup2 passes through one end of t\he\
conjugate axis, prove that the pole will lie on the tangent
to the conjugate hyperbola at the other eud of that a%is.

7. If the diameter PCP’ meets the Ivliérbola at?
and 7', and the conjugate diameter meed¥ Hic conjugate
hyperbola at D and D, the asvmptotes I{iﬁect PD and PD.

A,

8. If a chord be drawn throtigh anv point Q ona
hyperbola to meet the asymptotes M R and B ; and CD,
the diamete,mdpmalléil‘&m-%i{i{hcfrd, meets the conjugate
hyperbola at D, shew that QR OR =CDs.

9. Shew that the péIair of any point on the conjugate
hyperbola with tespeet to the original hyperbola touches .
the conjugate hypérbola,

7:60. Tg y{i}i the equation fo the hyperbola referred
o dts asympivies as the axes of co-ordinates.

Let/Bvbe a point
ot th€ hyperbola whose
cofordinates  referred

Let these referred tq
the asymptotes as axes
~be (X, V).

Draw PL  ang
PM parallel to the
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asymptotes meeting them in L and M. Then PL=X and
CH=Y,

Now equations to P and CAf are

; :
P= —- x4b tan p+bsec
“ O\
and y*ﬁ- 1. {;}\ )
d ’s

Whenee the point of intersection M is, gwen by

{_ﬂ_({ﬂ_d)igec_(ﬂ b{tan P-sec qﬁ}.}
2

53

Thus X==CL=p3 ’\~
—fir " sec tan
“\“ s—w«r’?"“’s & %b“&ﬁ{&'ﬂ'f'y—”—“”?rgm é}

_Sec b —lan ¢ -
Ty ‘4/?2‘9“*"‘3’2

\\\./

X Y \ﬁj— the required equation.

)
g}

is zeplaced by ¢® and the above

x'\
Sometimes
equ&%@n 15 written as
NN X¥=¢,
\z” 7*61.  Iu terms of a single variable # the co-ordinates
of auy point on the hyperbola having the above equation

may be taken as {c:f, “[{} .

762, The tangent at any pomt ¢+ will be easily
Seetl to be X+¥=2c.
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This intersects theasymptotes (axes of X and Y}

t (2ct, 0} and {0) E:} . Hence follows a very important
property of the hyperbola wviz.-

The part of the tangent to a hyperbola suiercepled betweeti

A\
the asympiotes ts bisected at the poini of contact. P ™

The above result could also have been deducegl.}:‘fr\ém
the property proved in Art, T55 (V)

Ex. 1. TIf the tangent and notmal to a rectangufa hyper'bf-"lﬂ-
make intercepts a,, g, on one asymptote and bo\D, on the other,
prove that 7o\ /

a8, b =0 '\‘

Ex. 2. Prove that the rectangle contmned by the intercepts

made by a¥y %égwéb& %%lbnon its asymptotes is constant.

Ex. 3. A rectangular hype:belﬁ 15 cut by a cirele in four points.
Prove that ihe suut of the squares®of the distances of these fouf
points from the centre of the hyperbola is equal to the square
-on the diameter of the (:J'JQE.

Ex. 4. Shew thaf'the points from which the sum of the squares
of {he normals toya réctangular hyperbola is constant lieon a circle.

Ex. &. If {mé of the common chotds of a circle and a rectal:
gular hyperbola. is a diameter of the hyperbola, shew that another
of the cg@on chotds is a diameter of the circle,

Ew)6. Shew that the two portions of a chord intercepted
bs?fveen a hyperbola and its asymptotes are equal.

‘\:~ d

Miscellaneous Exercises.

1. A straight line touches the circle which has for
its diameter the line joining the foci of the hyperbola
B23% — a2y2=4a%®, Shew that the locus of its pole with
respect to the hyperbola is an ellipse, whose eccentricity is

N

a3



\'f T4 hyperbola has asymptotic directions
/1o the lines % - 2¢=0 and 34~ 2y==0, and passes throngh
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2. Tind the equations of the common tangents of
tie hyperbolas

ey » 2
Pl =1 and e i

3. Prove that the Iocus of the poles of the chorcls

of a hyperhola - ~a= —\-bﬂ—_l which subtend a nght &ngle

at the fixed point (4, &) is :

3 & -~ 9 — u" &

%‘i}f{-’i mﬂ_fz.‘j—?;?—— 38— (bR RN — B =0,

4. Prove that the radius of thexc}féle, which touches
the asymptotes and the hvperbola, é equal to the part of
the latus-rectum produceﬁ\m(z&theatﬁ@rbﬁj?%e%umthe curve
and the asymptote. .3. \

5. Two tangents tosa "parabola are such that the
external angle betw’een' ‘them is constant and equal to «
Prove that the loews ‘of their point of intersection is a
hyperbola whos’&"aéymptotes are inclited at an angle 2«,

7
{ "

6. A V&I’i;!.b]e point P lies on a fixed diameter x=y
of the e]:hpse 242+ 3xy+ 4y*=1. Shew that the locns of
the fcq‘t}f the perpendicular from P upon ifs polar is
thewectangular hyperbola T7(% ~ 3%) +722p=8.

‘ parallel

the origin where its tangent is 4 -—y=0. Shew that its
ceutre Hes on the y — axis

8. Shew that the distance between the points of
contact of a common tangent between two rectangular
hYPErbo]as, the axes of one of which coincide with the
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; . 1 3
asymptotes of the other, is T {a¢+a'+)*, where 24 and
2a’ are the fransverse axes.

9. Shew that the circles whose diameters are chords
of 2 rectangular hyperbola drawn parallel to a giv eg '
direction constitute a co-axal system ; and that the sy btﬂ‘ﬂ;lb v
cortesponding to two directions at right angles azg, ertho

gonal to one another,

\ ’
10. Shew that the locus of the poles with respect to
the parabola »¥=4ax of tangents to\ fhe hyperbola
?—at=g? is the ellipse 4x? +y~—4a \\

11. Chordb % erbola are ‘drawn, all passing
through the ﬁxed pomt ()}(; 2} s\Prove that the locus of
theit middle points isa hy.pgrboh whose centre is the

point {g , %} and";“:ﬁich is similar to either the
hyperbola or its codjuzate.
‘YP \O\ﬁl ¢ 2 It

12, At any point P on a hyperhola j« —%?:1

N

tangent.i{d.rawn to meet the asymptotes in ¢ and K.
If C be“the centre of the hyperbola, shew that the
loctsof the centre of the circle circum-scribing the
ttiangle CQOR is
O d{atx? - By = (a3 0%
i 13. If the normals at two points on the hyperbola

%é-ﬁgg--:l meet on the line Ix+my=1, prove that the

tangent at these points meet on the curve

1 a’ 2 M Z
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4. S is a focus of a comic, and PQ any chord
subtending a right angle at S, Prove that the locus of
the intersection of the tangents at P and @ is a conic
whose focus is S, Find the latus-rectum and the eccentri-
city of this latter conic. [Agra 1932'3\

15. From any point on the hyperbola —x—e = b"’;l
three normals are drawn other than the one at“ﬂ:e point.
Prove that the locus of the centroid of~’§!se triangle

2 2l N\ —b?
formed by their feet is 0 {? —~-—£7(' T e - and
that of the circum-centre is o

(aé‘%;\\"bé S .‘ﬁ‘g]lt‘alyorg in

16, If from a given pomtw;f:hm an ellipse four normals
are drawn to the ellipse, thmr points of intersection with
the eilipse will lie up0n~a rectangular hyperbola, whose
asymptotes are p@g@l&l to the axes and which passes

through the giv%‘pﬂint.

4



CHAPTER VIIL
POLAR CO-ORDINATES.

810. To find the general form of the polar egr,mrtm%

io a conic, \ /

Let (&%) be
the crf\orﬁmates of
the Joets S, and let

ANDs (6—<=p be

(r,) \the equation to the
1brary,org,jfn:~'z directrix NM.
“’.:}, i Take any point
AN N on the conic, and
let its co-ordinates
A be (. &}.

Now SP2=¢PM*.
LA RE -«2\? cos (§—apy=e{r cos (8 ~«; —p*}? ...(1)
is the requ.tred' equation.

8 lI\”TO Jind ihe simplest form of ihe polar equation
to u\z:omc

If the focus § itselff be taken as the pole then in
\ o (1} above

s' R‘:O, QS:O
and p:SZ:%:%, {Fig, next page]

- )
That the perpendicnlar from | (:r, e) upon ¥ cas (& 4{1 p is

¥ 605 (8 —«%) —$ is eqsil
of the equatmp ¥ seetl by a reference to the Cartesian form
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Hence the equation to the conic reduces to
r= te {r cos (9—=) —%}

= —1dee0s (B —a) cearinirirniriininn (2j

{.e. either

\,\\
.\*f*z?ilere 4 is the angle which the perpendicular from the
e initial line.

e taken as
nditions.

£

\;.”” focus upon the directrix makes with th

Tither of the equations (2) or (3) may b
the equation to the conic under the given o
It is the latter form that is generally used.
aation could be further

812. Obviously the above eq :
elf as the initial line.

simplified by considering ZS its



N
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4

136 CO-ORDINATE GEOMETRY

In this case =z, and the equation to the conic reduces to

l i .
;——1 -2 COSH ... e B

If the positive direction of the initial line be SZ and
not ZS the corresponding equation to the conic will 'pe\
found by putting «=01in (3). Itis K Ay

7 \ .
;—:1—}-3 COS G aroeeiavnrann gt ‘.e{....(a)
Ex, 1. If SP, a foeal radins of a conie, igy 'p}o}luced to @,

S0 that S@=f. SP, where £ is constant, prové\thet the locus of
is a conic of equal eccentricity with the g;n‘qz; conje, and latus

rectum % times that of the given conic, '\ ’~~
. Ex. 2. wwvg dE‘?’% m%‘i%f‘%fnﬁhe directriz of the comic
w=14ecos (§—) correspondmg tb tile origin. [Agra 1928}

Ex. 3. The latus rectim o,f a conic is 5 and its eccentricity 2/5.
Find the length of the £oca1 chord making an angle 60° with the
1rajor axis, m\

Ex. 4, Shew \\ﬁét the equations ::-:1_.3 cos 5, and
g NS,
;= —e¢ o5 8~J" represent the same conic,

8- 2Q\To find the shape of the conic given by any
one ofvthe equations of the previous article, we shall be
tequited to find a sufficient number of points on it, by
xgrvmg values to 4 successively from 0 to 97, and determin-
ing the corresponding values for ». For e—1 or <1 i.c., fof
the parabola or the ellipse this will present no difficulty
and is left as an exercise to the reader. But the case
of the hyperbola (e>1) deserves careful attention.

Let the equation to the hyperbola be E-: 1-¢cos6-
¥
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The following peints may be noted :—
{¢) Tor 6=0, ¢ is negative and equal to %
or —a(l4-¢}. The corresponding point is A",

(#} As @ increases from O to cos~! 1fe, » steatiﬂy\.
decreases from —a(l-4e) to —w. (r, §) tha s
out the lower half of the left l1and hg"anch of
the curve. \

{#1) As § passes through cos™! 1/& ?changes from
—® to w, and from an jnfigite distance on
the lower half of the le_ft\h;md branch, (r, @)
changes over to an ifinite distance on the

upper half of t%%?gﬁ?@ﬁﬁ@mah% in

(%) As g increases frbm cos"‘ l/e to =, r decreases
from o to a{l—e) (. 8} tracing out the upper
half of the{right hand branch.

(v} For ==, r._a[l—c) The corresponding point
is 4.
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{vi) As g increases from x to 27— o5~ lje, # in-
creases from a{l+¢) to o, and (7, §) traces out
the lower half of the right hand bhranch,

{vi¢) As @ passes through 2z —¢ps! Iie, » changes
from « to — =, and from an infinite distance s\
on the lower half of the right hand branch, (?f,\é) -
changes over to an infinite distance on “the .
upper haif of the left hand branch, ..‘( 3

and (viit) As ¢ increase from 2w —cos™t Lfe:\’so 2a, ¥
increases from — w to —a/l%el, and (7, 8)

traces out the upper halfz of“the left hand

branch, completing the traeihg of the hyperhola.

8-21. w}smﬂbmmbmmma}ﬁ (4} and {viii) above,

it should be clear that the radms wWector of am point on the

left hand branch of the hyperbola given bv —=1-ecosé,

Is always negative ; and that of any point on the right hand
branch is always positive. This should be carefully borne
in mind while findigy 5ut the corresponding vectorial angles
¢.g. in the ﬁgure of the last article the vectorial angle of
the point () 1& XSV, whereas that of the point P is XSP.

8-30. 'Y‘b find the.equation to the chovd joining the
pomts\(rl, 6,) and (7 B2) on the comic

o\

N .
:’\’
\

=1-¢ ¢os 6.

JAlso to find the equation to the tangent to the conic at the
pomt (r1, 6,).

The equation to g straight line passing through any
two points (#,, ;) and (72s B,) is

31”(91—9) Sin{8 ~8y)  sin{g, g . 13
_"—r_'i {6 —8y) +._ﬁl ) 1) [Art, 2:13]

" 3
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Since these points lie on the given conic

; ,
?1:1_-3 €05 G +erernvaremrrosrenion wa(2)
—l--—l cos
.= —2 €05 Oy evererrrsssniniriens {3)
Substituting for #, and r, from (2) and (3) in (1), \Q\
i\"/

—E—- sin{g, —6y)=sin{s =1 —¢ cos 6) N
+ sin(elmeLQl,fQé'Eos f2)

= {sin{e—eg)-!—séﬂ{el—e)} \ 4
—ef{sin(6—8y) cos'elo-gfs\éé(el—e)cos £s}

=2 ss‘ngl—_-ﬂg cos {9 __'Qiﬂ“_'_g
2 www.dbradlibiBrylorg.in

e . . DN .
-5 {suﬂé{j‘gl —g,) +sin(p—61—0s)
_Psin(e, ~o-+6:) +sin(61 -6 - 8s)§

N\
=2 & &"‘ng ¢as {9 _@1'*'_9%.}
] 2

—e sin(g) —8;) €05 6

N { B+ 6
o7 piatosec P12 cos (6 =7 2 —ec0s @,
z"\.?’y 2 2

'\\“/

”3\31 Substituting §,=6, in the above, we get
)l i—:cos (6 -o)—ecos @

is the required equation to the chord.

for the equation fo the tangent.

Ex. 1. T a chord subtends a constant angle 2« at a focus,
shew that the locus of the point where it meets the internal

biseetor of that angle is

=sec oA —8 £05 6. [Agra 1938]

"!]*-u
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Ez. 2. Pind the angle between the radius vector and the
tangent at any point of the conic

-

= =l—¢ cos g.

h

Ex. 8. A system of conics have the same focus and latus
rectum. Prove that the tangents at all points on a fixed ,ll.pe\
through the focus cut the latus rectum produced at ‘che s.,ame
distance from the focus. \

N
Ex. 4. Find the polar co-ordinates of the Paiu,,t of inter-
section of the tangents at the points, whosa xecto‘nal angles are
2 and 3 ; and henmce provethat if the tanghgitdWo a parabola at
P and @ meet in 7, then ST°=5p. 50, ’\,

Ex. 5, Shew that the portion of & tam%mt intercepted between

the directrix and the point of cont@t.subtends a right angle

at the focu\‘::!ww dbraulibrary.org, iQ Id

84, To find the eguafzon 40 the novmal to the conic

Ty

—=1-ecos 6 at the gbomﬂrl, &) on it

2

The equation to tb\e tangent at the point is

\LI\_ cos (9 —61)—e €os £,

L >
9 N/

:U}Hé? v cos (6 - 3) =,

\,\“ where cos B=cos 4, — ¢ } 2
§' and  sin B=sin g,
\Any straight line perp to {1} is given by

,\:\, ’ _ ¥ §in ( -Bl=4.

v If it passes through (*1, 61) its equation is

¥ Sfﬂ (9 -—B):;yl sin {91 _ﬁ)
or 7 {sin G cos B —cos g sin 5}
=r1{sin 6, cos § —cos 0 $1% B}
or 7 {sin (g—6,)—e sin 6}
= —e#sinG
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£ & Si# 6,
or = ——
¥ 1 -ecos g,

=e5in 6 —sin {8 —6)

{—L'— BCOSQ}
" ?1'_ 1

the required equation to the normal,
2N
88, To find ihe equation to the chord of contact of éa.zzi\\“x

. 1 \
gents® drawn from a point (v, 6;) to the conic - = 1 -—e,aq"s‘él"./
\ 3

Let the vectorial angles of the two points f:ﬁ:t)ntz;.ct
be < and 3, A\S)

Then the equation to the chord througt\\tbem is

E P o : : /

—- =8¢c =8 cos {Q—itﬁ} Par R RPN (1)

¥ 2 AN
Also WWW-dbf’ﬁuT{bral'y,org_i11

£ N

Jo==c0s {8y —«) ~€ a8 reverenererinerrannear il 2)

1 I
and —;:cgs (6 _[{);—e €os £ errrreeraeersrnsevrereness{)
1 ‘”‘t
Subtracting (3)d¥om (2)
Los (61 —«)=cos (8, - B)

O o -x = —{p—B) [«=8]
N L4 f3
;“\;&. '_'2"';_‘:91 .............................. (4}
S}@ti‘tuting from {4} in (3)
oY Asft PRI ()
\;J cos 5 '?’1 --e cos &

With the help of (4) and (5), equation (1) becomes -

{i-f-ecos 9} {ii-a oS &1 } =05 {9-—91} 3
¥ :.vl

the reguired equation,
*The equ"ati;;n— o these tangents themselves dqgi not come
ont in a hundy form. So we do not propose to discuss it.
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It may be observed that this is also the equation to
the polar of the point (7, g,}.

Ex. 1. If the tangents at any two points P and § vieet in T,
and if P meets the corresponding directrix in X, shew thatl
KST is a right angle. A

E#. 2, Find the locus of the pole of a chord which subf:ends
a constant angle 2« ata focus of a conic mstmgms‘ung 'Bh& cases
for which cos of > = and « e '[‘kgm 1834)

B6. To find the equation fo the Dzmcfo\&'awﬁe of the

{
conmtc —=1—¢ gos 6.
? '\l

The equation to the tangent at, :ngv pomt G is

‘,0

W%Qérrb@—n}ngsrﬁ*cos (6=} weerenerens(1)
where cos £==c0s 191- and  sinL=si# G
Similarly the tangeut 3t g; is given by
% —~-cos~(§g-— Ha) —€ ¢0S G=005 (8~ B) cererrerninn(d)
\\Where cos B=cos g, — ¢ and sin ;S’_-sm s
1f these.}ul:ersect at (R, ¢), we have

PN\
> 7 =005 (§—61) € oS @ virrininns e (3)
&
A4 7
\\ and p=ros (P-6)—e s wuvnnnn coeene{4)
\:\' ) "o 608 (@ —8y)=cos (¢ —6,)

or ¢—61= ~(ch=6;)

or = 91_";.@2 N i)

Substituting this value of ¢ in (4), we get

0= 6, ,
coSs _12_% = %-}-g ¢os ¢ ....-..-o---LG)
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Also since (1% and (?) are at right angles
I
A—pe=—-,
p 2

te. l+ian < tan B=0

he. (cos Gy—e)(cos Gy—e) +sin 6, sin =0

or & —e(cos Gy-t-cos G)cos {61 —6,) =0 {'\;
O 1pg 681 3 o0 00§

or et —2z cos 72
2 2 7 '\"'

te, & —%rosqﬁ{g +ecosgb}+2{é +eco§’<ﬁ
AY;
v 2 2 o (D
Bt cos p—1+e&=0 \

8

Generalising the co- ondm&teﬁ; awﬁbqlggg;n g?& required
equation 3\
e 1)+ Qefl;cos §-+22=0

Mlsceﬂ‘a{kous Exercises.
1, Prove that equal conics which have a common
focus and whose\axes are inclined at an angle 2« inter-
sect at an angte f

i '\mﬂ—l{ & sin 2a--2¢ sin £ }
O € cos 2+2¢ cos A1

%hew that the polar equation of the auxiliary

lecle of the conic w;‘;zl-f-e cos g is
3

7*(1 - &%y —2ler cos g+ £=0.

3. M, with the focus of a parabola as cenire, a circle
be described passing through the vertex, the tectangle
under the intercepts of any focal chord between the circle
and the parabola is constant.

—-1=0*
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4. Two conics have the same focus and directrix.
If any tangent to one cuts the other in I and (), shew

that £ PSQ is constant, and cos 1 PS Q:—f,-- where S is

the common focus and ¢ and ¢ are the eccentricities.

5. If a chord PO of the conic --i—: l +zcos6 subtqn\ds\
a constant angle 8 at the focus, shew that PQ touches a
conic having the same focus and directrix as the givel conic.

6. If a focal chord of an ellipse make :m angle «

- with the axis, shew that the angle betwesi the tangents
at its extremities is fan~12¢ sin «/ (1<)

7. Prove that the sum of 'q];'{lreciprocals of two

perpendicular focal ]9_5(},13}_81%%:{-;[1@5& is constant, and

S W Tau
that its semi-latus rectum is the.Warmonic mean between
the segments of any focal chgrd: (Benares 1932]

8. Prove that the ,Ié'eﬁs of the intersection of the
tangents at the exifemities of the perpendicular focal
radii of a conic is’gnather conic having the same focus.

9, If the ‘ge@eﬁt at any point P of a conic meets the

directrix in K\ 8hew that the angle KSP is a right angle.
P\% [Agra 1928]
10.54 circle passes through the focus of a conic, and
me;iﬁ’ it in four points, shew that
\ {#) the continued product of the distances of the
NS points of intersection from the focus is constant,

N\ and (i) the sum of the reciprocals of these distances
' is constant,

11. Two equal ellipses of eccentricity ¢, are placed with
their axes at right angles and they have one focus S in
common, If PQ be a common tangent, shew that the
angle PSQ@ is equal to 2 gin-1 el [Benarss 1933]



CHAPTER IX.
TRACING OF CONICS.
91. We have seen that the eguation

ax® + 2hxy 4 P 4 2gx+2ﬁy+c=0 “\
sy represent any of the five comics 4z, \
(1) A pair of straight lines (A =0). “‘ R
{2) A cizcle (A+0.455, h=90).
{3) A parabola (A 4\ O hi= ab).
(£) An ellipse wirw dbra &Fﬁ,ﬁ gy:‘gﬁ«: ab}.
(5) A hyperbola ( A +0, B> ﬂb)

Any equation of the second »degree in x and y being
given, the category, to which ‘the conic given by it belongs,
tal be easily ascertamed If it belongs to either of the
- first two categories, € tracing is a simple affair. Here
Wwe shall concern Outselves with the tracing of the last
three. T trace\ﬁiese the following data will be required :~

Eoy Cﬁﬁf({@l “Conics i.e., ellipses or hyperéalas -
Cenjc\ré irections and lengths of axes, focl.

%‘}‘;ambams —Axis, vertex and focus.
2920, 7o find the co-ordinates of the cemive of the
t'emmt COMNEC

ax®+ sy +by? 4 gx+- 2y + =0
A0 +0, B2+ab).

One method for finding out these co-ordinates is
indicated in Art. 451. Here is another.

10
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Let the co-ordinates of the centre be {x, 31}, Trans-
ferring the origin to the centre, the transformed equation
of the conic beccmes '

a{x+ %, 2+ 2h(x + %)y 5n) + By + 1)
+ 2g(a-ry)+2f (54 3) + =0,
or  ax?+ 2hay +by? AN
2 ax,+ by + g) + 2y(hx i +f ) O
-+ axl‘l + 2hx1y1+ bylz + 2gx,-+ 2f_‘}’1 + 93\30; . (1)
Now since the origin is the centre of tl;e.f&o‘ﬂic given
by (1), corresponding to every point (%3 ¢n it, there
must also be a point (-# —y) om it,This is possible
only if the so-efficianisof ¥ cﬂ%dl kY a:{e;z}rbs simultaneously,
@ Hhpt g fﬁ}' .......... @)
T _
Equations (2) give the,p:é;-‘drdjnates of the centre viz.,
Af—bg gh—uf

 Bui—k Nk

M ‘
Cor. 1. Ik%bsolute term in the transformed equanon

t.e, if

s —-—,V‘w;hsre Azabc—}—ﬂfgk»afi—bgfﬂckg.
ab—}gg\'“.’
e 2. The equation to the curve referred to the oomire,
ag\erigin can be writien down by substituting half the
_ “go-ordinates of the cemtre for x and y in the first degree

L\ W . .
3 terms of the original equaiton.

Ex. 1. Find the centre of the conic
23t —bry—3pP—x —4y+6=0.

Ex, 2. Tind the equation to the conic

T —0xy +49°— 32x4- 269 +47 =0.
- referred to its centre as origin.
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. becomes C

A

e, the same as the eguation fo the bisectors of the angles
" between the asymptotes (real in the case of the hyperbola
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Ex 3. Find the absolute term of the transformed equation
when the origin is transferred to the centre of the conic
Ta¥ — 122y —2y" +2x -4y 42 =0.
921. To find the directions of the axes of the Central
conic  ax?-+2hxy+ by?4-2gx-+-2fy +o=0.

Referred to its centre as origin, the above equation
7o\

2 | A ™
ax?+ 2hay-0vE+ -“-5__—}#_-—_0 P (1)

Kow in order that the axes of the conid, may coincide
with the axes of co-ordinates, the latter should be
so rotated that the equation int {@rhich (1) transforms
may have no terms containiél§ Jyl I @ be this angle

. W T 1brary.0rg.1n
of rotation N
tan 29:%’5 " {Art. 425 Lemma) ... (2}

The ahove is vai'o’usly a gquadratic in fan 6, leading
to two values forsg, which give the directions of the

two axes of tlte conic.

Cor. J,\ IThe equation 1o the axes of the conic

CH ax® + Dhxy 4 byt=F
0 . Pyt xy
" s b —h

and imaginary in the case of ellipse) of the conic.
This is at once clear by changing {2) into cartesians.
Cor. 2. The equation to the axes of the COnic
ax--Zhay+ byP4-2gx + 2fy+¢=0
(axthy+gP—(bxtoy+f P _ (aﬁrk_yﬂ)}gkﬂbﬁf )

is
a—b
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The directions of the asymptotes are the same as in
the case of Cor, 1. Only the centre is different.

Ex, 1, Find the directions of the axes of the conics :—
(§} Ba"+3xy+y'—Tx4-8y=0
(#) 6x2—4xy+ 9" —24x—22y 43 =0

Ex. 2. ‘(Find the equations of the axes of the conic
(3} #—axy+yitdx—5y—2=0. \
(#)  Ba'—5y 244yt 145+ 8y —16 =0, \

922, To find the lengths of the axes of\Jhe Central
COMEC ax-’*’—l—2i@xy+by2+2gx+2fy+c§9.

First Method* -— \ “
Changit¥ ‘@&Hﬁ%]ﬁbtffyof"l%’é’ of @ into polats

% =a cos® §-+4-2h sm.ﬁ cos Eb sin 6 i (1)
) A
where % stands for ——
< ab -~
Each one of.t@e.v\ralues of & cbhtained from equation
{2) of the last\ Xticle when substituted in the above
equation leadS to a value for 72, which gives the square

of the cor,Kespondmg semi-axis. In the case of hyperbola
one of these will come out to be negative.

s eca);} Method* —

X \ Equatu)n (1) of the last article when referred to axes
} of the conic as the axes of co-ordinates takes the formm

_}‘ +-f3'—'3=1’ where <, § are the lengths of the semi-

axXes,

*Pirst Metliod may be applied when lengths correSPOndmg to
the directions of the axes are required, whereags the Second Method
can be conveniently nsed if only the lengths are required.
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From Invariants (Art. 4:25)

Now -52— and _;Gl-g- are evidently the roots(c‘).f’:"t‘f:e
equation \':‘:\'g:“
t«—t( L ;g)t{%@f\; -
o fa_,rmﬂw,{,@—:ﬁ);o_

W\Al.db’l\ﬁliﬁijral' org.in
Ex. 1. Find the lengths of tlge:é'xes of the comic
¥ payPy =8.
Ex. 2. Shew that the Semi-axes of the conle
<K+2hw+a¢ =
. &?Y L £
are given by J%' and .‘/;F_ﬁ
Ex. 3. Shew that the area of the ellipse
N a4 2hxy +oy'+ 280+ 2fy-+e=0.
. INY A
18 & o w7 ————. .
i R P T
QO , ,
“:::,\9'23. To find the foci of the Central contc

\“\,' a2y +byi=1.

Firss Method -— )
Ti ¢ be the angle at which the major axis is inclined
1o the axis of %, the equation fo the majot axis can be
written as



150 CO-ORDINATE GEOMETRY

The foci being on the major axis at distances o
from the centre of the conic, where 2« is the length of
its major axis and e its eccentricity, their co-ordinates
will obviously be given by

x ¥

C0sE sing T \\\
or x— *+e cos b ot
y= Taesing } N N b
Second Method : \ '

Lemama. The equation fo the paiv of mngsms\os B conic from &
focus is that of @ point civcle at the focus, \ \

Let the focus be taken as the ongm e} vCo-ordinates, and the
correspondlﬁ’gwffﬁrrgmfy Bbrars.ox ﬁ'tn l,me‘ parallel to the axis of 3
say ¥=Fk. Then the equation to thef:omc is

at-Ly -e"(x k)2
or ‘{I“—e’)'-l— 2e8hx -yt =",

Equation to the paix v:gf tangents (imaginary of course) from
the focus to the conie iy fart. 4-41)

[x’(l—-e’]:{—\Zs’ ¥ +97 — B —e®h®) =[e*ha — R

oy H'+yi=0. fon simplificatiott
N

Let (#y") be the focus of the given conic. The
equaki{n\tb the pair of tangents from it to the conicis

. O (axﬂ+2kxy+by2 )(ax’”+2kx’y’+by'2—1)
Y axx' +h{xy +x'y) + by’ — 132

'\‘ w4
/' In view of the above Lemma this equation must
represent a circle, hence
a{ax+ 2bx’y' + by? - 1) - (ax'+hy' )
=b(ax® 4+ 2h5"y +By — 1) — (' 45y ) ooerere ()
and  2h{as’2+2hx'y' + by'? —1)

= 20+ RY YA DY) =0 crrerrere e . (#)
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e, oyt 1
B AT THEZa
vy 1
and B —ab ¢
The foci, therefore, are obtained by solving the equa~
tions .
0 an 1 O
e
Th Th TR eeyel)

924, To find the foct of the central coma} ’
ax® 4+ hxy + by + 2gx - 2fyRe=0.

If (%', ¥’) be the co-ordinates of thé}f'entre of the conic,
the given equation referted to l“c\as the origin can be
written down (Cor, 1 Art. 9:20) g

d Taullbl in ]
=k (Ga5) e (0

i rw\y
ax*+2hxy+b;k hq

Y

Fivst Method )
As in the prew.im& article the co-ordinates of the foci
will be easily SR&{I £o be given by

O A Y=Y Ly
\ ¢/ cos £ sin 9
where 9\18 "the inclination to the axis of # of the major

“x?ﬁ' its length and ¢ the eccentricity of the given

.\';:Second Method :(—

R

\

Referred to the centre as the origin, the foci of the
given conic will be given by

By ____I,_ﬁ (Att, 923)
(a=by/k k{k (A —ab) B
r-yr Ay AN TUURRUUPTON ¢ ) |

e STE STh TR—abp
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The co-ordinates of the foci, referred to the original
axes, therefore, are {x-}-%", y+3') where (&, ¥'} are those
of the centre of the conic and %, ¥ are the values obtained
from equation (v).

Ex. Find the foci of the following curves i—

{f) #'+8ry—=0yf=2x46y —0==0. \'\\
(i) 3+’ —day 324y —9=0. R \.
(i} #*—6ay-o"— 107 —10y—19 =0. A\
&
930, To find the axis and the vertex df ’t?z‘e parabola
(5 +By)+ 282+ 2fy+o=08 0 crnnr (1)

Any straight line «x+ By--k =0, wiefe % is an arbitrary

constant is parallel 4. bbe 4¥is, ofthe parabolaf. Let
the equation to the axis be ydaBy+i=0, where 1 is
to be determined. "

N

Equation (1) can beﬁwﬁﬁen as

(Rx+By+1P=2(x3— ) + W(EA—F )+ F=0 oo 2)
Let 2 be so Ch&xn that the straight lines

79 A4+ RBy+i=0 ... Vevareranens (3)

&1d” 24(<h—g)+ 2y (BA~F )+ B — =0 rovcrunnr(d)

are at right angles.

~"’§ﬁ}ce ab==h', the general equation of the second degreeto3a
parabola takes this form.

) fAll such straight lines will be seen to intersect parabola
in one point at infinity. That every straight line intersecting the
paral;gla in one point at infinity is parallel to the axis will be easily
seen thus ;-

For the points of Intersection of the parabola 3*=dax and
the straight line ye=mx4te,

my* —day - dge =),

If ome of these points is gt infinity, s must be zero. The
str‘aight line then reduces to ¥=¢t, a straight iine parallel to the
axis of the parabola.
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For this -~ - =&
© B BiSf
(g +B7) 5
With this value for 2, equation (2) takes the form , )\’
'S

where % sfands for M-—?rf;?% Bg)

Referring to the standard form ;})f its equation, a
Parabola could be defined as the{ Jocus of a point the

square of whose dlstan%wf\goﬁrauﬁ%&? stlr‘ai_ght line.(its
axis) varies as its distance $rom a perpe%cﬁc%]‘d} straight

line (the tangent at its vgrtex)

In this form equa.twn (6) above can be written as
it By +ANe) » LS Bg) g Br—aytk v
( e ) BN (1)

v=(2+}52 ,{2_'_!_,2)-2— RV + 5

Fromy (’?} the axis, the tangent at the vertex and
the Iakils-rectum of the parabola are seen to be

(\\ ax-By+i =0
» Bx—Ay+k=0
and £2(4f—5g) };(*2 +5£%) §  respectively.

The way to resolve the ambiguity in (7) aboveis
shown in Solved Ex. 3 Art. 94, :
931. To find the focus of the parabola

a4 2hxy+byt+ 2gx 4+ Uy fe=0, (B =ab).
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If (%, ¥} be the vertex of the parabola and g be the
angle at which its axis is inclined to the x— axis, the
co-ordinates x and y of the focus are obviously given by

S W A s W
c0sG  sim @ 2 ’ .
. AN
whete [ is the semi latus-rectum of the parabola. N N’
Ex. 1. Find the equation to the axis, the co- ordma}és of
the vertex and the length of the latus rectum in, Each of the

following parabolas :— . ...\
(i} 2 —2xy+ 3 dr—-Bu4-9=0. v’
(i) 4x*+4xy+y=+7::+1sy-~1g,§o,;
Lx. 2, Find the focus of the parabpla’ ™
1622 —24xy 482 — GOPIGHy =0.
Ex. 3. %\ﬁfﬁ&lbt%\.u%lqara{rgnm’c%‘l?he directrix of the parabola
P42y + 9 —3r-H 6y —4=0 alsp‘the co-ordinates of the focus.
9-4., Ex. 1. Trace the fuyw whose equalion is
1124 4xy+'14;;2:‘—26x 32y 23 m=00ne o eeecrenseens{1)

Since ;\ in this asésls equal to —000 and gb— A*=130, the
curve is an ellipse \

Solving the@guations
@ 11342y —13 =0
N and  2r4 14y —16=0

the cemste comes out to he (I, 1).
ansf(,rrmg the origin to this centre, {Cor. 2, Art. 920} the

‘git'en equation becomes
,\:“. o A+ dap+ 14y2- 1316 -£23 =0
v or 1140 4y p 1492 s=Guruairseseereenis (2
The directions of the axes are given by
fan 2= —4f3
de. 2ian® g—3fan g —2=0
of  lan §=2, or —=1f2.

*See Art. 4-43,
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_ Changing (2) to polars
| 8 1144 tan 614 tan’ g

o 14-tan’ 8

8 858y Shen tame=2

19S 144
8 1124772 N
—_ = el — r L b4 8 —"'l 2\‘. 2
and i 1A 10 when fapp= \f\ /
3 ‘\"/
Hence the standard form of the egnation is (nf"
}'3 s :‘\".. ‘
% +aE =t .“~\

Thus the given eqnation represents an e].hpse “whose centre
is (1, 1}, whose major axis is inchned at an anglb'tzm 1 (--1/2) to
the axis of #, and whose semi-ages are +/3 ’fg,\a‘fld ~73]5,

Ex. 2. Trace the conde V"Wﬁ?@{?“d@ﬁ?{jl ibrary org.in
6" Say—6)° _43,{_’71; R 3 L | AT T T {1}
ot 2197 ¥, the
Simee A im this case is egnal to ——~ and ob < &%
equation represents a thgbola
Solving the eq a&&g.s
I{\ 124 45y —4=0
“{"; and Sy —12y4-T=0
¢/
for mig,entre we get { 13 13}
Oi{tmnsferrmg the origin to the centre, the given equation
beQ@b

z"\i’;  BuE_d- _!_
\S 62+ 5xy —6y"— 4 ¢
4 ¥ 647 Bry—6y°4+-13=0

The directions of the axes are given by

A 11 ORI PR 2}
+7. 33 +11=0 (

&
tan 29 = ET)
ie. 5 tan® ¢4 24 tan §—-5=0

1 —-1— or —0B
%8 . fan = 5
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Changing (2) to polars
13 _Gian'g—5tane—6

$ Yitanis
13 13 ]
? = _—2— when fan §=?
and —-]—3s = 13 when  tan = =0, A o
‘¥ 2 { \..\
Hence the standard form of the equation is 4 > i
P 2 R
3 + -’Z— =], ( N

Thus the given equation represents a rectdng\iﬁr Lypetbola,
whose centre is (1/13, 8/13) and whose semi%utes/are each equal
to 4’2, and whose transverse axis is inclined at\an engle fan-1 (—5)

to the axis of %, \\
Ex. 3. Trace the 1:1 rue
hld (7 S b i—i}‘yy—(—nl&lxwﬂzy-‘,—i{ 20 rereeecereneenel1}

Since in this case A + 0 and, ab—k2 the curve is a parabola.

The given equation can ai:so 'be written as
(4% — 3y +2) =22 (R +52) + 2y (86 —3n) +1F—44,

o

Ii A\ Y -3yt a==0
angd £ Ba(4n +52) +29(86 —30) +2F —44 =0
be at right afigles,

O 4 d4s2_
¢ 3 B-86
:t\,,. 1.2, =2
The'given equation takes the form
§ (4%~ 3y +2)* =120x 4 160y — 40.
dOBE Y1) crvreereaesserernesrronee(2
O e (B2 o g Bl ®

In order to ascertain the correct sign to be prefized to the
above expression for the perpendicular, we should find on whick
side of the tangent at the vertex the parabola lies. This will be

decided with the help of its intercepts on the axes of » and ¥.
Om the axis of #, these intercepts are given by

184* ~ 1045 + 44 =0,
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which shows that they are imaginaty. O the axis of y the

equation : '
9t =172y 4+ 44 =0

shews intetcepts to be positive.

Relating these to the figure, it cafl at once be observed that
the parabola lies to the right of yo’y’, the tangent at the vertex
Hence {he expression for the perpendicular fram any point on tlm Y
patabola fo the line 3r-+4y—1=0 should be preceded by(th .

s

positive sign {Art, 2-2). AN ‘
Witk proper sign, equation (3) can, therefore, be w,nft
dr—3v+32 Sytip—1 ~~\

_____w) =g FEZL )

5 & \

\J
/:x:\ >
Y /o .

db'n&‘i,lhbral "y .OFg.in

X
\\'\
~ ™
h Y
"'./ o~
\\\ o
T
"\'} e \q‘?xg X
o /S &,
x:\wl /, \:.o
\;“\/\. f/f \\_\ ,
&
..\’:;
YI
If 4x—3y+2=0 and Sx+dy—-1=0

befaken as fhe new azes of # and y respectively, the equation {4}
becomes 428y,

4
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The vertex of the parabola is the new origin 7.c. the intersection
of 4x—3y4-2=0 and x4y —~1=0,
which 35 the point {—1/5, 2/3].

Thus the given equation rcpresents a parabola, whose axis
is 4z —8y-+2=0, whose vertex is the point {—1/5, 2/5) and whose 4

latus-rectunt is 8. ,'\,
The co-ordinates of focus are given by :"t\ “
1 2 zs ™
- 5 i _'3 7%
. 3__=____.. 4_ =2 1.8 ,(’IZQ} 24
L "4
5 3 \\
4

Ex. 4. Trace the curve \\\

d{r—2y+3)+ 9(2%4-}*’*1)%?5“
We observe that the two strmghk\lmes #—2y+8=0 and

2% +y — 1w ard hitaudthreatesr g inti‘@ese be sclected for the new
axes.
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Now X=PrPM
_2x+y—-1
T W5
and Y=PN
- x—2y+3

+5

Substituting these in the given equation, we get

201”-{-4’){’:80
2 P

9x° +__ ] K.

a¥ &
18 4 \:“\\

N/ .
The centre of the curve js the new origin f.g\thé intersection

of 4—2p43=0 and 2r4+y—1=0, which isnE1fs, 7).

Thus the given curve is an cllipse, Whosé\c}mtre is (~1/5, 7/5)

Whose major axis is x'@\#@ﬂﬂrauﬁra?gog%gﬁiml s e
Zand 4/3 respectively. \¢ '

R Y
L

)
Miscellaneouss Exercises,

Trace the curve :—

1 2xy+5ye\>8x—8y 4=0,

2. 2%~ axy\\zy’ﬂ+3x -y-+1=0.

8. #A— 4% a+4y=0

. 17x5¥12xy+8ye+46x+28y+17=o.
S.p /\+3f dxy ~ 10y - 18=0,
Qﬁ\x —day -2y 4+ 10x+ 4y =0.

T 246y + Pr4dx+ 12y —5=0.

8. 6647+ 24xy-595 4 319x + 264y 4960,
9. Tx%— 48y — 792+ 110x — 20y+100=0.
10, 2%-pdgy+4yi4-Ta14y+-6=0.

11, 4x?—day+ 32— 126y +9=0.

12, 52 —12xy+ 10y + 63— 10y+6=0.
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13.
14,
15,
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13%%4-122y4-259° + 46x + 16y + 41 =0, [Agra 1928]
202% — Txy— 6y - BTx — 9y +27=0. [Agra 1929]

¥+ 6xy 4+ 992 4B+ 15y 4+ 12220,
16, (% - 2y4-1){x+2y -3)=5.
—1323 .'\‘\'
. Bz - 4y+12 (4;1:—]—339} 12 =95, L
18. .‘/x-i-xx’y:v’a.
19, (x4-2y—2)2 4+ 4(2x—y+ 1)2=43. ,,‘j\&'
20. Find the eccentricity and the podition of the
axes of the conic N
x — 163y —1147 —I—le—I—le\T—(‘.
21. Shdw SRR nRrsie O

3042 + 35" 12xywj~24x+163+16

has one focus at the ongm VFind the equation of the

corresponding  directrix, “the eccentricity and the co-
ordinates of the secon&focus

22,

Prove th\t\the conic
’9x2 24xy4-41y*=15% -+ 5y

has one exftenutx of its major axis at the origin, and
one extrémrty of its minor axis on the axis of x. Find
the CG\QIﬂH:La‘tE‘S of its centre and foci.

* .‘)..3 Trace

o N
N /

(54+2y)24-12x— 6y =0.

) Fingd its focus and the equation of the latus-rectum.

24,

Find

[Agra, 1930]
Trace carefully the curve
42y -5 - 3)*— 9234y —1)2=R0.
its eccentricity and the equations to ifs

asymptotes, \ [Agre 1932]
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25, Shew that the equation
1 1 1
l XV—a +:r—y+a +y—x+a .
represents a parabola. Find its focus and directrix.

26, Shew that the curve given by the equation \<

y=alf+-bi+c (})
and y=a'PVi+c \ (5,\
isa parabola of latus-rectum --Sﬁ:@:)ﬁ . ~'\~“§
CETUHION
2O
>
&

www dhfatlibrary.org.in
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CHAPTER X.
SYSTEMS OF CONICS.

10°10.  Number of conditions requived to fix a conic.

The general equation to the conic viz S )
ax® + 2hxy + by’ + 2g5+-2fy +e =0 A

contains five arbitrary constants*. The conie’can not
be fixed unless these are definitely evaluatesl‘ "For this
purpose we Tequite five independent felahons between
them. These can only be fumished b;zxthe conditions fo
be imposed upon the conic, As o;rm\ ‘Condition gemerally
leads to “6ne dhERUIRLHAT §ﬂ}é ‘cona?.ztwns are in gemeral
requived fo fix a conic.

).’

Hlustration 1. A como e,s ﬁxed, if fve poiuis through
which it passes are knotem

The co- ord_mates\of every one of these five points
wher substitut Lkm the general equation to the conic
lead to five independent relations between the arbitrary

constants t:he:e in, from which these comstants can be
evaluate\%

lgistration 2. . A comic is fixed if four poinis throtgh

wks} il passes and one straight Iine which o touckes,
aie known.

The co-ordinates of the four given points lead to four
independent relations between the constants, Condition
of tangency of the straight line {Art. 4-32) j provides the

—

*Apparently there ate six, but we can divide out by any
one of them.
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fifth. Between these five all the arbitrary constants can

be evaluated,

10-11. TInillustration I above every ome of the five
relations between the arbitrary constants will be seen to be
linear, They will thus lead to only one set of values for |
these constants, and therefore only one conic will be found
satisfying the given conditions, Inillustration 2, howeyer,)
the first four conditions will give linear relations, bitthe
fifth {condition of tangency] will give a quadra‘gic’rélation.
Evaluation of the arbitrary constants frg%'\'the‘&e five
telations will therefore lead to more tHap one set of
values for them, and consequently moxg than one conic
will be found satisfying these conditig{’s;.

Thus fixing a conic y\?}}\ﬁv%ﬂé’?}i?&gb&ﬁf}i-&g‘nf specified
conditions does not necessar'ilyf;mean the finding out of
one single conic satisfying these conditions, It means the
determination of el suchfémﬁcs, their number depending
upon the nature of tHe relations (between the arbitrary
Constants) that atiée)from these conditions.

19-12, Thg\&\igniﬁcance of the word gemerally in the
first para of JAwt. 1010 should be clearly understood. One
of the coffiifions imposed upon the conic may sometimes
lead tp.(gno}e than one independent relation between the

' TdIbi‘Qér;{r constants, For example, the condition that
the Ncentre of a comic is situated at a given point !eads
(10 two such relations, abtainable from the two linear
) equations in x and y giving the co-ordinates of the centre
(Art, 4'51). In this case only three more CondltlfJﬂS; or
€ven g smaller number (some of these may again Ie.ad
to more than one relation), are required to fix the come-
Generafly speaking, in every case, the number of conditions
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just enough to give the five independent relations between
the atbitrary constants in the general equation fo a
conic is the number required to fix the conic.

Sometimes the nature of the comic itself assumes
some relation or relations between the constants in the
genera! equation to 2 comic. In such a case, the number\\
of conditions, required to fix it, shall be natumlly xeduc%d
by the number of these relations. Thus, four cofiditions
will in general be necessary to fix a pair of straight
lines {A=0), a parabola (A*=ad) or ¥_rectangular
hyperbola (a+8=0), and only three be" fix a circle

(a=b, h=0). O

Ez. 1. whinddiinesed ifastiory efghn cb;ﬂ(; passing through the
points (0, 0}, (2, 0}, (0, 2}, (4, 2) and. L 4) and determine its natare.
Ex. 2. Determine the equat:.on to the conic passing through
the points (0, 0}, (10, 0}, (5, 3% é.nd symmetrical about the x— azis.
Ex, 3. Find the parabolas passing through the points (0, 2),

(0, —2), {4, 0), {—1,00\and shew that in general two parabolas
can be found passikg\tlirough four given points.

: Ex. 4. Eiplj: »the equation to the conic passing through {0, 5},
{5, 0) and symirietrical about both axes.

Ex, 53, Find the equation to a comic passing through the
poim‘ii@h 0}, (2, 0), (5, 2) and having its centre at (3, 4).

\MO0-20. If the pumber of conditions imposed upol

\a. conic enables us to elliminate only four of the five
.“ athitrary cobstants in the general equation, the equation
to the conic will still contain one of them. For differeut
values of this, we shall obtain different comics. But all

of them shall possess certain common properties {as
defined by the ahove conditions), and thus havea sort of
family tie between them., They are said to constitut
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afamily or a system of comics. In general amy equation
of the second degree in x and y whick contains only one
arbitrary constant shall be said to represent a system of
comics, the arbitrary constant being known as the vatié
able parameter of the system, , .\:\

10:21, Arguing as we did in Art. 381, if O

S =ax*+2hxy +by: + 282+ 2fy + =0y
and ' a'a’4 oW xy-Fb'y -+ 2%+ YHF ¢/ =0
~be the equations to two comics, then So&S =0, where &
is an arbitrary coustant, represents &) system of conics
passing through the four* chg’mon points of S=0
and §'—=0. ) A\

The presence of the é‘EB’i‘f’rng bHeeant. dripithe equation
of the system indicates, tHat conies belonging to the
system are capable of satisfving one more condition,

Hiustration 1. One conic of the system can be found
passing t}amwgk,g{iz} point (P, q).

Here % ig {&ly seen to be

O apt+ hpg+ bet+ g2+

\ _— —

O TR Ve h Y e

*?ﬁ;:s =E) and $’ =0 intersect in four poiuts can be easily

seenthus
S s=axt2alhy+£) -+ byr+2fy+o=0

N ;o S’Ea’x“+2ﬁ{k’y+g’)+b’y2+2f'y+o’=0.

iminati iplication will lead
Llimination of #? and x by cross multiplieation will 1
to & fourth degree equation in y, giving four crdinates for the points
of intersection, .
Lliminaticz of »* in the ordinary way will give a lmear
equation in % in terms of ». This will lead to one value foih .:
for cvery one of the four values for ¥ found above, gwmg‘
cotresponding four abscissae of the points of intersection. ]
' i i i i Of courae
Hence there will be four points of inmtersection.
all of them may be real, or two of them may be real and two
imaginary, or all four of them may be imaginary.
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Illustration 2. Three conics of the system can be found
which are pairs of straight {ines.
Obviously & will be given by
(a+ka’) (b2 )¢+ k)
+2(f + A ') g +he ) ht-kh') e
—a(f Hhf P~ b+ kg2 ol ) D
Since this is a cubic in 4, it will give three va}géé’%@r &,

7

each leading to one pair of straight lines. R&Z

N

The three pairs of straight lines are the péirs passing
through the four common points of § ;zﬁg\&nd S'=0 taken
two by two. '\ v

. dbraulibr
Ezx 1. Iztﬂgngmanl.'}? Yot iﬁ?ﬁ?ﬁﬁl} & conics passing through.

four points are parabolas ? ,:. W

Ex. 2. Shew that there js:‘Sﬁly oue rectangular hyperbola
passing through the points of Intersection of two given conics.

Ez. 3. Ghew that al&:omcs throngh the points of intersection
of two rectangnlar hypétholas are rectangular hyperbolas.

Ex. 4, Pind 'I:]ks equation to the system of comics cutting
the axes at the points where x=1,3 and y=2, 4.

Ex. 5. If \he four points of intersection of the conjes S=0

a—b a =¥

and S’==0~’be concyelic, prove that ——— and the centre

k A’
of th;s\rcle is the point
N he'—Wg Bf =k
w\J al’ —a’k’ ah’ —a'h

' 10-22, What has been said in Art. 10-21 is true what-
ever be the nature of the conics given by S=0 and 5'==
Tet one of these, say $'=0, represent a pair of straight
lines « and B, where

A=letmy4n=0
B=letm'y4-u'=0
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N 'S4 k<=0 also touches
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Then S+A+B=0 represents a system of conics passing
through the points in which the straight Hnes «4=0 and
B==0 intersect the conic S=0. Either «=0 or §=0 or
both may not meet S=0 in real points. S+4k<S==0can
still be regarded as a conic passing through the corres-
ponding imaginary points of intersection. \:\

x==0 and B—0 can intersect S=0* in real pqiritg in
six different ways as shown in the following figuzes 5

7

RS |

N Eig
gulibrary org.in
y i

Figs.

In Figply S+k«f=0cuts §—=0inP, Q, R, and S.
Inpig. 2, Pand R coincide .6, <=0 and f= 0 ;eet
OB\fli\é'CODic itself. S+ k<=0 touches §=0 at P (R).

In Fig. 3, Pand coincide i.e; <=0 touches :S=0.
§=0 at P(Q) and #=0 is the

common tangent. _ .
In Fig. 4, P, Q and R coincide 5., =0 touches

i =0 and
S$=0ata point where =0 meets it. S -tﬁgnﬁbut -
S=0 have not only the common tangent <=0

a common chord B=0. R

i H_h_;b_een taken to
*The conic S—0 in all the following ﬁgubres na beeny
be the ellipse, This is immaterial. It could be 2 ¥
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In Fig. 5, P coincides with R, and Q with S i.e the
straight lives <=0 and 8=0 coincide. §+ &xi3==0 becormes
S+k«*=0 and touches S=0, at the points where <=0
cuts it. Conics touching in such a manner are said to
have a double contact, \

{ o

InFig.6, P, Q. R and S, all coincide, x=@ gnd
B=0 coincide and touch S$—0. S+ ki =90 ‘t}ecomes
S+kT?=0 where T=0 is the equation to thé bangent to
=0 and has a four point contact with S=4"

1023, If S=0 representsa conic;:é}?}d U=0 a straight
line, the equation S+ AU =0 repre‘s’e\ts a copic passing
throngh t]iéwfﬁv%brﬂ%bﬂgmiﬁ'%ﬁi@ﬁ' S—0 is intersected by
U=0. Prom Art. 747, the ﬁvo conics are seen to have
their asymptotes (real or imdginary) parallel, and hence
their axes, in the samie. directions, When U=0 is a
tangent to S=0, it 's‘hnly a special case of the above,
the conic S+%U4H in that case touches the conic S=0
where U=0 tqu}h\es it,

Also frofa’ Art. 748, it is clear that S--£—0 represents
a coni&@airing the same asymptotes as the conic S=0.

R\ 1024, The case of Fig. 5, fumishes a very handy
:.\"niéthod for finding the equation to the pair of tangents
“\to any conic from a given point.

Let the given conic be S=0, the given point (%, 71}
and let U=0 be the chord of contact of tangents drawn
from the point (x), y,). Also let S, and U, denote the

transformed S and U when % and ¥ thereiu are replaced
by x; and y,.
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Then the required pair of tangents is a conic

(1) having double contact with the conic S=0 at
the points where the latter is cut by U=4,

and {2) passing through the point (., y1).

From {1} its equation is S+AU?=0. O\
.. S 1 O
From (2) k= Uli = -3 [S,=10). ~\ ‘
Heunce the required equation is SS,=U (qu\z’irt 4-41}

10-25. If alongside with §'=0 (Arf. 30t 32), S= 0 also
repregsents a pair of straight lines, say | \\
¥ —px+gy+r—0\
M ?,Q}_g!lglﬁ‘al y.org.in
73+ k« =0 is the equatton Mo the system of conics
passing through the four pmnfs in which 7=0 and 3=
intersect =0 and ,':=0 respectwely
It should be carefully noted that the conic Y3+2A«f==0
does not pass th{au‘gh the point of intersection of Y=0
and 5=0 nor through that of =0 and §=0. It passes
through tha four points in which ¥=0 and § =0 respecti-
vely intersect x=0 and =0 ie it circumscribes the
qﬂa({rﬂ“ateral having <=0, =0 and ¥=0, 5 =0 as pairs
Of"})pomte sides.
/NY Er. 1. Write down the general equation of the conic passing
\“through the points (0, —2), (2 O}, (1,0} and (3, 4).
From it determine the parabolas thronugh these P
also the conic passing the fifth point (1, 1}.
Ex 2. TPind the equation of the comic through
{0,1), 4, 0), (0, —2), (2, 0), (2, 1), and trace it.
10:30. To find the equation 10 & comic touckmg two

oints and

the points

&iven straight lines.
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The tangency of two straight lines imposes two
conditions upon the arbitrary constants in the general
equation to a conic. Hence the required equation will
still contain three arbitrary constants.

Let the two given tangents be \
y=mxto D

and  y==m,xtc,y, \

and let the chord of contact be ~% —l——':’;i a1, w{ﬁé’re aand b
are arhitrarily chosen. %

Then the required equation is (Art ll‘io22 Fig. 5.)

I,y__vm&w_wcﬁlirauhbrary QJI-‘E kﬂ{ ___1} =0, {1]

% being the third arbltral:y' eonstan‘r besides # and &.
The equation to the comc ‘referred to the tangents as
the axes of ce-ordma.tes is evidently

Q{Tk\{ ——1 =0 e (2)

Ex. CA, énd CEB are the transverse and conjugate semi-
diameters oiahyperbola and 3 parabela is drawn to touch these
axes at A\arld B. Prove that one of the asymptotes of the hypes-
bolxs \warallel to the axis of the parabola, and the other asymp-
toté\( parallel to chords bisected by the first asymptote.

N 1031, To find the equation fo a parabola touching
“the two axes of co-vrdinates.

Equation (2) above will give a parabola if

2k}2 452
il SN 1= AB).
Ll = weam
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With this value for &, the equatioﬁ becomes

E | xy.
a +b 1 i2\{ ab

o (VT

x ly ' ¢
or \/‘_ﬂ +'\||_b‘ —“1) % N/

2%

!
where the radicals can have either sign prefized £p,them.
W

Ex. 1. Find the condition that the straight ].iﬁe;-:—- + ;L =1

should touch the parabola which itself tout.:h}s: the axes at the

i t 3 ’ A
points (2, 0) and (0, &). www.dbraulibbary org.in

10032, To find the equatigmdo @ system of cosics
fouching four given straight lalngs:”

Let two of these straig’b;’t‘ﬁnes be the axes of co-ordi-
nates, aud the other{two be given by y=mx+o and
y=myx 1Ly, o)

)
Then i 2 &%:I‘ be the equation to the chord of
t.a"¢

contact af ;\tﬁe axes, the equation to the conic touching

these js &

\\ xy -k {-f; +--g’_ -1 }':o (1) Art. 10381,

\\/ The conditions that y=mhx+¢ and y=myx+ec; are

tangents to this conic can be easily seen to be {(Art. 4-32).
019(413-5—ab}+4kcll’amg—b)-—4km1ab=0 verereeeenea(2)

Y

ot {4k + ab) -4k {amy— b)— Ehima@b =0 coerrenae (3)

Eliminating « and & between (1), (2) and (3),
the equation to the required conie.
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Miscelianeous Exercises,

1. Find the equation to the system of conics touching

the axes at x=3 and y=B. Shew that of these, two
are parabolas.

2, TFind the equation to a conic through the points,
where the axes meet the conic 3%”+4xy+j/2—y~r2—\0'
and through the point (—1, 1).

3. Find the locus of the centre of the copi?:.;; p'issing
N
through the intersections of the two comiess S=0 and

§'=0. \

4. A conic bas double contac .‘Q}t'h the parabola
yi=4dax. Jitha mﬂbeﬁl%ant%qh1paééeq through the vertex
and the comic passes through the focus, prove that the
locns of the centre of the copic iz the parabola
yi=a(2x -a). '."«

*

5. Shew that the equatlon of the circle having double

contact with the\ elhpse & + %}'2‘ 1 at the ends of a
latus rectum Ads, x5 — 2:{@%:&9{1 —et—gi), where¢is
the eccentrié'itj'r of the ellipse.

6. I"m“d the locus of the centres of conics touching
wo\g\l.ven straight lines at two given points.

\ A\, TP and TQ are tangents from T (x, 5} to the

.‘\. R

P y3 . th
“ellipse —- = TSz =1. Prove that the equation fo the

parabola having double comtact with the ellipse at P
and Qis (% —yx)2+ 2Pxx+ 20>  y= bl + a¥B2+ a2bP

8. A series of rectangular hyperbolas are drawn each
passing through a given point and touching a given line
at a given point._ Prove that their centyes lie on a circle.
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9. A hyperbola touches the axis of ¥ at the origin,
and the line y=7x—5 at the point (L 2). One of its
asymptotes is parallel to the axis of x. Find the equation
of the curve.

10. 4 system of comics have the same focus and {
ditectrix. Find the locus of points the tangents at w}uel{
are parallel to a given line. . ,'\

11. DProve that the gemeral equation to the eIhpse
having double contact with the circle x3+y3-*a2 and
touching the axis of & at the origin is \

e xt + (@ +e%) yi=24"cy.

12. Pind the equation of the paraf:h\sla which touches
the conic 4° + oy Loy —~2x 2y+-15£0"at the points where
it is cut by the line x+ y+ ivwdibra”'lbl ary.org.in

Determine the equation ) of ‘the axis and the co-ordi-
hates of the focus of this Qaraboh. {Lucknow 1935

I3, Find the Qqnl:{ftions that the chords of inter-
section of the conies:

\\ Vo axt 4 2hay+ byi=1
A\ and  a'x?+ 2Ry Eyi=1
may be at@ight angles.

14, \:If'the equations L, =0, L,=*0 and L,;=0 represent
straighit” lines, and $;=0, S;=0 and S;=0 represent
t:cs\cs interpret the following equations
(#) al,L,+bL,Ls4cL,L;=0,
(i)  aS)+5S,+6S,=0,
where g, b, ¢ are constants.

15, Find the conic passing through the points of
intersection of ¥+ 1y —2=1 and 2*~xy+hyP--2—8=0
and the origin.

S

[Lucknow 1937]
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10-40. Cownfocal Conics [Central).
Conics having the same foci are said to be confocal.

All such central conics have obviously the same
centre and their axes lie along samc lines. Hence the
distance between the centre and foci is the same for all

4

of them. Thus if Vel +2 =lisa given central qg’n‘:@

j* ¢
x-g y2 . . ) A »
and o +—ﬁ'9 =1 a caonic confoecal with it, then{ ™
Ke=o"¢ R4 .
or AP BRmx P RN (1)

If in (1) "2 be put as 27 +2, v\hereQ Jis an arbitrary
constant, B’9 can be put as 53+ 7, an:i\the general equation
to a conn. con 533{3 CEIRS O{ﬁe gn er conic, sometimes
called the fundamental comc d,é séen to be

-{‘_H,ﬂf;;\j—i_—izl. e w(2)

As equation (2 _fohtains only one arbitrary constant 2y
the confocals &st&ztute a System of Comics (Art. 10°20)
with A as theariable parameter,

Ex. 1. ‘Erc-ve that the confes x2—4@—dx+2y42=0 and
F3- By”—-{x-’—ﬁy—i—é—ﬂ arc cotfoeal.

é \2 Find the comics confocal with #2--2y2=2, which pass
thihgh the point (1, 1).
~\ 10:41. To drace the Confocals given by
g %2 2

Py e
Assume g >b.

(1) For all positive values of 2 and for such negative
values as ate numerically less than &%, the
equation represents an ellipse,
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For very large positive values of 3, the semi-axes
of the ellipse are very large and it is almost a
circle. For/= e, itisa circle of infinite radins.
As 2 travels from o to ~ 2, the ellipse gradually
flattens, tili for 2 very mearly equal to —2°, the
minot axis is very small, the major axis is very, Oy
nearly +a? -5, and the conic approximates )
the x— axis lying between the foel, (*'f;:

O.' ?
N

,~\'§[2) For A= -F, the conic degenerates into the

N\~ x—axis.

{8} For negative values of 4 Iying between ~& and
—a*, the conic is a hyperbola gradually opening
out as 2 travels from & to -g% For i very
nearly equal to —?%? the conjugate axis is

very smail and the two branches of the curve



176 CO-ORDINATE GEOMETRY

approximate to portions of the x—axis lying
beyond the foci on the fwo sides of the contre. For
A very nearly equal to - 4%, the transverse axis is
very small, and both the branches of the curve
approximate to the ¥ —axis.

(4) For i= -a the conic degenerates into the .
¥ ~axis. o\ N\

\/
{6) For negative values of 2 numerically lessy than
N
@, the equation represents an imagindry” ellipse
W
i.c., ceases to represent any real curv.ét}\

10:42. To shew that through any pge'g;i in the plane
of a given central comic, there pass{iwo conics confocal

with if, onesascllipsa M Hheosihen why perbola.

3

)

=1.

=

Let the given conic be t}ug’:éllipse ;M +

Any conic confocal with'the given conic is
'3:3 yz

Gy TR
.\~,d-r.ﬂ. B4

1.

Tt this is t¢ pass through a point {x, 1),
:’;\j _x_ﬁ_ 4 o’ =]
2 PR RN Bt

AN (@) 2) — (B4 2) — ypi{at 4 2) =0,

al
N

o The above equation being a quadratic in 2 gives two
\“values of A So there are two conics of the system
7 passing through the point (%, ).

Also the left hand expression in the above equatiofl
is positive, negative or positive according as 4 is =<,
—5 or —a’. Hence one root of 4 lies between =< and
_p and the other between —5® and —g*. For the
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former 4?-1-2 and 52+ 1 have both the same sign and for the
latter opposite signs. Thus ome of the two confocals
through (3, 34) is an ellipse, and the other a hyperbola,
If we had taken the given conic as the hyperbola
SR
% - %——1 instead of the e]llpse — + {; =1, the propg-
Re
sition could be argued on similar hnes. N \
Cor. Ifihe point (x,, %) be situated on t&e~§fa¢ed¢-
mental conic tiself, only one more confocal can pass thronugh
it, which is a hyperbola if the fundamentdl conic is an
ellipse and vice-versa, N
Ex. S]lew that the e&‘iﬁﬁ’oﬂ&bﬁﬁsmhﬁg gopfocal to the
x2 yﬂ
=g =P

ellipse ——, i % =1 at the point '’ or ﬂ: s o5t % sin

10-43. To shew that agwm stng}zt line will abways
be louched by ome and ?m:?y one conic of e central confocal

sysiens,

o\
Iet the syste:{’*of confocals be given by
N :
NP S RIET )
@; at+d o B+i

and let .t'ﬁe ziven straight line be

:';\." x+my=n crrerinienarniserosnens (2}
. ‘ﬁ {2) is a tangent to (1) :
N (@2L2) B4 (B4 2) o=t (3)

Equation (8) being linear in 4 gives only ome value
of 2, Hence there shall always be one and only one
confocal of the system touching the given line,

10:44, To shew that fwe comics of a centval cmf?caf
SYstews cut at vight angles ab every point of thety sntersechion.

12
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Let
a+n TF - B g Tt

be two such conics and {x;, ¥,) a common point.

Then S L Ry
prra il ek R 8
xﬁ_ ¥’ (”3’& )
and BAay TB g, L 7 R (2}
N
Subtracting (2) from (1) 4
\,
; L4 L ceneren(3)
&%d‘&bﬁ(&;mﬁrﬁw &?g-l-&l}(ff\i-lz}
Also tangents to the two comcs at (%, ¥,) are
3’3’1 (4
a3+f +ﬁ‘?‘+71_1 ROV £ 3
w\ ¥ _
aﬂd,a\—&%z et K 5)
The condition of their perpendicularity is
N 2 0 (6

R RS S CEe N oy
) \SEn'e as (3) which we know to be true, Hence the
i \.p“gbposition.
\;”; 10-45. To express the Cartesian Co-ordinales of any
potnt P in the plane of the fundamental conic
oy
e +'?g— 1

in terms of the pavameters 1 and }y of ts fwo confocals
passing through that poini,
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Tet the point P be (x,, 3,).

mloow
Then a*+.ﬂl+bﬂ+zl_1

and aLM +w+& K <
whence . O
7?2 o Y
T r 1 Yo
Gt Pn @k
Y,
= &“ > 1
2 *+4
b.(@?\?i"&}n)[[auﬁgfs‘;] {or;iil)(a * B)
On simplification oY
(P i {al 'f"i:) Mm
W*“"Eiﬁ*_ b-a

The position, of hm point P is thus definitely fixed
with the help, Sf\\the parameters A, and 4. These are
called the Ellijj:ésc Co-ordinates of the point.

P

1050, Confocal Parabolas.
\V

Qfgbolas having the same focus and axis are said
tobe Confocal.
N\

Y The equation to any patabola referred to its focus

as the origin and its axis as the axis of # is 32=4i{z+4},
where 41 ig its latus-rectum.

For different values of A the above equation represents
a system of confocal Parabolas.
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Proceeding as in the case of the central conics, the
student con easily verily the following properties for
this system :

{1) ‘Through any point in the plane of a given
patabola there pass two parabolas confocal
with it, with their concavities in oppositey
directions. O

g ™

(2) A given straight line will be ’tqﬁcﬁéd by
oune and only one confocal of tht?ﬁstem.

{8) Confocal parabolas will cuf )t right angles
at every point of their}@ersection.

www.dbraulibrary org. QN \
(4) The Cartesian Co-ofdidates #; and y; of any

point P in the plane of the fundamental
parabola »=%b(x+a), when expressed in
terms of tlg" parameters % and 4, of the
confoca{}" parabolas passing through it are

\<x1= —~{l+2) and y=—4.d,

My Ay are called the parabolic co-ordinales of
»\Cihe point.

Ex,\";l.\."'rhe locus of the pole of the straight line Ix+my=1
witihtespect to the confocal parabolas p2=4x{x+r} is the straight
Jue ©oma—1y-tamfl=0.

(\"  E# 2. Shew thatthe locus of the intersection of two pet-

) pendicular tangents, one to each of two confocal parabolas, isa
straight line perpendicalar to the axis,

Miscellaneous Exercises.

1. Shew that the locus of the intersection of the
tangents to a variable ellipse of a confocal family at
points having given eccentric angles is a hyperhola.
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2. Two mutually perpendicular straight lines are so
related with respect to a conic that each passes through
the pole of the other, Shew that they are similarly
related with respect to any confocal conic.

3. Shew that the general equation of conics whose
foci are the given points (a, &) and (&', ¥') is ’,\\
{(#—a) 0=¥)—{y—b)la—a"}}? O

+ 2 {{x—a)(x—a'}+ (y—b) (y— bk}-—-z =0,

4. Shew that the locus of the points i {eontact of
tangents drawn in a fixed direction to 2 system of confocal
conics is a rectangular hyperbola. N\

5. Shew that, ¥ tangents. {el}g{%“?rto a system of
confocal conies from a fixed poimt on the major axis,
the locus of the points of coﬂtact is a circle whose centre

is on the major axis. N

SN g

6. The locus off "poijit& such that two tangents drawnt
from them, one‘ t} each of two comfocals, ate at right
angles, is a cu‘éla concentnc with the two confocals.

7. ShQW that the parameter 1, of the confocal conic

s
wh1cl1\"g)}sses throngh a point P on the elI1pse ?_I is
9@%1 to CD®, where €D is the sem;—dlamete:r of the

\ ,é]lipse conjugate to CP.

Py
8. Tangents are drawn to the ellipse —3 +— .—1 from

auy point on a confocal hyperbola. If 92« is the angle
between them, shew that sin « varies inversely asethD
the semi-diameter conjugate to CP of the confocal ellipse

through P,
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9. The two conmics ap® 4 2nxy-L by =1 and
ayx+ 2hyxy + byy?=1 can be placed so as to be confocal, if
(=0 —dh* (@, — 80— 4h,"

(b= (aghy— by

10. If 24 is the amgle between the tangents from a
point P to the parabola y*=4a(x+4), and b and —¢ am\'
the parameters of the two confocals through P, ghew

that  tan? at—ﬂ+a A "“
b—a’

m'\"'

11. If through any point on the Ditestor Circle of
a given ellipse, two confocals are dr@ﬁ whose para-
nteters are 7; and i, prove that the sum of the parameters
is constant., ., dbraulibr ary.or g in™ ~'

Nes/

12, Two tangents to the. elhp%e — + i
whose eccentric angles are. 1-,! aud &, mtersect i a point
on a confocal ellipsel Whose parameter is 1. If the

tangents are at n%t angles, prove that

=1, at points

p.8 atbl— p®

¢ cos (Q_'é) azb“;-i-ﬂ? .
13, \H\fhe twe confocal ellipses
N N

N at R
£\

WJ xf} 2

) and Fri TR 1

be cut by the straight line
X058 6+ sin =2,

and if T and T be the poles of this line with respect to
the two ellipses, prove that T =4/p.
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. TIf 2, w are the valnes of the parameters for
the parabolas of the confocal system P=44{x+4)
which pass through P, prove that the angle ¢ between
the tangents from P to the parabola 32=4&(x-%) is given
by tan® ¢= — (A—E}{u—k).

156. If ¢ is the angle between the tangents to, ﬂ:l&\

\
\
conic A=ZX of the confocal system - a3 oy +EJ Ea it From
the pomt whose elliptic co-ordinates refin‘;d to the

o X Y
elhpse -1- 5;2~1 are 2, ¢, shew that \\V

tamﬂ P=- ﬁ%(i-ﬂ%’%

16, ¥rom a fised Wﬁ‘biﬂ%“@f@msyaﬁ;@mgents PQ and
P’ are drawn to each @I 4 system of confocal conics.
Prove that the circles P«QQ” form a coaxal system.



\..
i\
N/

)

ANSWERS.

Art. 1:3 (page 6) ’
1. (3,0, (61, a+tan~16/5), (8 =}, (& 3/2) a.nd‘ M
/B, m—tan~11{2). ~
9. (4, 4/3); 532 52 (—¥V% 9/,/2) <V;t~ /3,
(—1/x/2, —1fy2) and (=23, 2&\0

3. (1) v {sing—mcos 6} =¢. ’\\}
{ii) ¥ =4a. X}\l
1 o) 2%
{i¢5) #2(B* cos? Eﬁ-lwzﬂwswa'&r d)na?hbraly orgin
(iv) ¥ (1—cos 26)= 8a €08, 9
(v) 7 cos® g=a. o '

(vi) #(1+sec 20); +2ﬂ‘-"" .
(vii) 7 cos p=a —cos 26). )
{visd) 73 sin® QA Y cos B—a)? (r cos 6—b).
& (i) = cos\&\l-y sin A=9.
(#7) a’?s—b My = g, B
1t \(‘ 14+ yl)s=ata’y’
( 3} @+ p—aap = (P ).
\ (o) w+yr=a(#+I).

R

vily x=4a.
(E;m) (a2 + 32— 2 =22 (2 5°)-
Art, 2'12 (page 11)
. () rcos =4
{#) 7 sin@=4d.
p=r cos (g4}
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Art. 2'13 (page 12)
I. {4 %:sin g—cos 43,73,

sin 60 +sm (45—#&) L.cos (15-9)=

(i)

4 7 3
(i) sin 30 698 (30+8) +sm {30 — C)
¥ 2 2a 4
91‘_' Qq 3 {,,\/
257, = %
2. % 7Fa008 =5 Ql‘i'ﬁsg &
¥y +?’3 2 ¢*¢

Art, 24 (pages 13—1'5)?}
3. y=x+1; x+2y=8,; 3x+ y=2N\J
4. Tix+99y=9; 16x+28y+1=0Y sx—y=1.
5. w=3; waly/Bbrd)Hbp{Brrorfr=6./13 ;
»E+.,/13)= x{1+dl3)
Art. 2’7 (page 17)
L) (v v+ 2)lat 39) =0,
(1%) xs—xy{‘yﬂ ) (28— 4ry—[—y9)-—:0.
() (bl - )=
2. x2+8xy }\1 44x+94y 191,
y \,’"' Art, 2-84 (page 19)
1. 2#33y+4=0 and 3x+4y4-5=0.
\ SE 6224 1Txy 4+ 1298=0
{#) 128 — 1Txy+ 692 =0.
\" Art, 2:85 (page 20)
\;’ 1. 38/174/5. 2. (45, 0),
Art. 2:87 (page 22)
1, 2=3 and p= —40.
2. () 42+ 1Txy+ 1599 — 495 — TTy+ 98=0.
(5} 1322~ 1Txy+ 432+ dx+ y— 3=0.
3. 6%+ xy— 12+ 53x+9y+112=0.
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Art, 29 (page 24)
3. A=atmi+ bl
Examples (pages 24—26)
1, x—y=1 T
Ari, 3:1 (page 28) A

. A
1. {§) #~2,/2r cos 9+4a7=0, a being a variable. \\ N
(5) #2—2¥R cos 6+ r*=a®, a heing the ﬁxed dlsta.nce

of the given line. \
. ¥~ 2a¥ cosec « cos (6—«)+a* cott 4=y ~\r_.2a sin 6.

4, —r(A cos 6+ B sin 9)+1(A9+B{L az

Art, 3:62 (page\iei)
1. a2+ o+ gatfy+fgobrag aghibrary org.in

Art, 374 page 35)
1. (i) 10x=Ty. Q,‘;‘;i‘ () 38lx-38y+26=0.
2. ax=by; 2ab}\/g -;-‘bg

¢ ’\&'Art 3-75 (page 36)

L () (16/5, 17/15), (5) (31/7, —10/7).
2. (333??3); /264174,
& Art, 3-81 (page 37)

N\
(- 12+ (y— 1}3—2?‘-!—.«(::3-5-3,’g 25) =0,
(N9 a2t 1025+ 48y —23=0.

3. xﬂ+y9+2g": £ x+2fc fc

342+ 3y + 8y — 4y =10.
22+ Vo + 2gx+ A y+oth (%= ) =0.
P+ 2 —1644 (3x—By—T)=0.
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1.

2.

&

—t

—t

4(23+ 32+ 5x) +29=0,
Art. 3-91 (pages 40—41)
) (—1,1) and (1/5, 8/5).
(#) (1,0) and (=1, 0). \
Art. 392 (page 42) A
{f) Imaginary; (2 8) and (4, 9). p :}‘\J
(%) Circles touching ; (3, 4). K7, N\
() (=9.0) and (=9,6); Imaginarys
Art. 3-93 (page 42) N '
(1) (xﬂ+y2+a)(1+a)+2ax(1—\,f)w_0
&) {ix w&aﬁmmﬁ}am{gaw D+ (y—9)"] =0,
(@) {(x+1)2+ (y—2)° §+& Nx=3)+ (y45)2 =0.
Art, 3 94(page 43)
24424 2x+ 2 (1+“1)‘y«+ 3{2A—1) =0,
2oty dy— 2y K920,
Eixér{iiiﬂes (pages 45—46)
742+ Ty e — 1Ty + 64=0,
3%+ L 20x — By + 57 =0,
x"‘-’!—i\ﬁy —19x— Ty +47=0,
) '\ " Miscellaneous Exercises (pages 46—49)
f‘x2+yﬂ 8x—10y+16=0.

CO-ORDINATE GEOMETRY

Art. 3-83 (page 39)

%+ Y2+ T2x— 250y + 1296—0,

8+ y=(512,/2).

2x—2y=3,

bx—12y+10=0, 5x—12y+7T5=0, x4 y2—6y+5=0,
(0, -8); 231
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B4y —Bx+by+9=0.
A circle passing through the point 0.
. A circle passing through the point 0.
12, 9(x®+yhy ={x*— 32+ 23+ 4%,
14, %—1=0; y—2=0; 4x—38y=10; 3x+4g\\_.—5

18, 24yt —dx—2y+3=0. g 7
22. J/iA—2(a—b \\*
24, {x3)+ (yL4)p=49. OO
25, 2+ )E—(b—6)x—4y=0. O
Art. 4:25 (p igé\m)
1 pmtan-t1js, Y AbTEgFayoren
g=tan"! 4/3. ‘::.,’:;:,

Ar}‘».l’?:?% (page 64)
1. (i) Hyperholdr
(t7) Pairoxf"i aginary straight lines,
&) cﬁa}
(10}, ..;Palr of straight lines.
(@) \‘Parabola
” {:5?) Rectangular hyperbola.
_ \i‘('wz) Pair of coincident straight lines,
;‘\ (vide) LIllpse

NS
N

O~ Art. 430 (page 65)

Yo 2 16912l
Art. 4-32 (page 67)

1. m=11, 81/19.
: y:llx—g, 19y=81x+85.

2. ytr=yti/ 2
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4, When f2=be,
one root of m is o< 4.6, ¥ axis is a tangent.

Art, 441 (page 69)
1. 1214%—156xy + 2442+ T0x+ 60v— 95=0 ;

Tan™ ("78). A
Art. 4:43 (page 71) A\
L 3(#+ 39 4+2(x+y—1)=0. ,\.::{“
Art. 450 (page 72) (D
2. Tanl3}, 24/5. N
Art. 4'51 (page 73}\\)
Lo G 2\2-'\-! d]gtza)uh ralyorg(iwg 1)

Art, 4:52 (page 74)
1. 3x+3y+2=0. N
2. Bx—by+7=0. &\
A€E\4'61 (page 76)
Lo gl oy,
Mlsceﬂaneous Exercises (pages 76—78)
(2, N
y gxﬁ-ky-}—g)i’—}-ﬁﬂ(kx-kby—i- Fii=(gx+ fy+o)
& Art, 541 (page 83)
,\»1’ (da/m?, —4Lajm),
)7 2ayi= (22— a) (x—ba)2,

o g

Miscellaneous Exercises (pages 84—88)
L P +20x—6y—Tl=0: x=4
2, (x+2i=y—3
12, y*=32x+ k%42,
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4. {{h—8a), —&2].
M. (v+a)i=r24 40,
Examples {pages 96—99)

Lo (m=B)+4{y—T)2=100; (5+5/3, 7T), (5—564/3, T)il
2. APlat+ b =sec® 4. P, \i\
5. Wy°—2xy=0°%%, where k is the constant. O

11, #{x2fa+ 42 /bg =a*b (57 /a4+y2/b+} X xﬂ/ccg-z-‘ygfbs 1}.
{“ },sa\ }32
13, Qab‘V _-,. 3:13 — ) = )/ .

15, «*affa?+ B2y2(02=
19. (/2 0). W W dbraﬁubraly org.in
Art, 6- 62 (page 103)
2. afly—0mx=0. R ;,‘“
2Hlat+ PR = Ij%
M1scella%g8us Exercises (pages 104—107)

2, ax+E{ya-:i\/a4+¢z25 -+t
3. a~~2}39,
7 a‘ﬁ + Byt =at+ b,
L0 (far+ A= B
,\"\11. (a2 32053 (1faP -+ 1/8%) = 2P fas+ 7[5,

: . (xg/a2+y9/59+2}2=9( +3 )
18. xfa—4y/b+2==0.

23, 2lad+ [0~ luﬂ{(aﬂ—bﬁ)xy-}-bﬂkx—»a%y} =0,
where A= +2/ab{a"—5%).

NV 1

=2
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Examples (pages 112—115)

L 7%+ 12xy— 292 — 24 149 220,
2. [P+ y2—a?)[(x?—a?)]t.
8. (x—3)%16— (y+2)2/d=1. ~
LGP (P16 a2 (401502, 5O
9, pgzmg(aﬂmﬁ—bﬁ) and e=5/m. ) \,,}\
6. {2 )(a9+f>2)°—<a~—69) (2 w)( > )
1 1

2pi— . _
17, x®fat+ b= aﬁ - \'
19. (39*1“?”“)‘{'31‘5 dbﬁuhbﬂ@r%r%mg'}'n Obemgthe chord.

- Exercises (pages 121 -122)
1 (5 y—3=0; x+4_.:0'.“
(i) x—y=0; BxdP—di=0.
{#4) (x—y—]):\@(; 2x 1+ 3y—2=0.

2, 9-y5—-72_-y-—-1 <D,
3. 27—y —ByE =25+ 25y — 46=0.

N \Exercxses (pages 127—1 28)
1. 5/\, 3\“'

2, %(«4—53@! 292+ B+ 11y~ 16=0,
,\ Miscelianecus Exercises (pages 130—133)
‘—E X y=u/{a? —59).

/14, 24/20;  \/2¢, where and ¢ are the semi-latus rectum
and eccentricity of the given conic,

Art. 8-12 (page 136)
I=er cos (F—a).
125/24,
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Art. 8:31 (pages 139—140)

2, fan~l (1—e cos «/e sin ),

B
4, f= ) p
Art. 85 (page 142) \\\
. ‘M\’ o
2, lr=cos4—e o5 8. ,’ \/

Art, 9-20 (pages 14(»—147) \}

1L {—2/1. -3/7) \\ X
. TS —Bay+ 24+ 6=0. \, :
3. 3. \"

Art. ‘j‘!i”iw(‘ﬁm]ﬂlﬁéi‘y org.in

1. @) tan! {—1f3), mgs*i?s
(s7)  dan7l (}), t@;g N —2).

2. (5 x—y+35Q; r+y—1=0
(i) Bx—Pi=0; 2u+5y—2=0.

p. 3 Art. 9-22 (page 149)

L 8,,8;;;7;3'?
\’l‘“ Art. 924 (page 152)
@\ 6 (1,1, (=53 —~1/3)

N @ (-19), 6.1

O @) (4 e LD

v Art. 931 (page 154)

L @) a—y+8=0, (—3/2 32, /2
@) 2wyt=0, (~3. 1), V5
(35, 479,

3 36y—36y+77=0, (- 95/79, —31/72).
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Miscellaneous Exercises (pages 159—161)
1. Ellipse; centre (1, 1), Semi-axes /3 and ,.'2, Major
axis inclined at 45° to the axis of 2.
2, Two straight lines; 2x-+ y+1=0 and x—2y+1=0,
3. vaerbola' centre {—1, 7) c3(31111 -axes \"3"} and B4, \,
¢\,
4, EIllpse ; centre (—1, 13, Senti-axes 2 and 1 WIdjor
axis inclined at fan~' 2 to the axis of x. 3
6 Tarabola ; axis Zx—y+1=0, vertex { \?m ~9/3},
focus (—6/5, —T7/8). \ -
6. Hyperbola; centre (—1, 2), a{éi\\Qx—Byz‘S and

Bx— =1, N\
w—tu dbraulibs ary.org. i\

7. Two parallel stralght lmeq Wwi3y+4-5=0 and
x+3y—-1=0. oM :

8. Ellipse ; centre (—2 s-::)j Semi-axes 4/2 and 2/4/3,
Major axis mclmed at tan-1 {—1/3) tothe axisof x.

9. Rectangular qu?erbola centre {—1, 2}, Semi-axes 1

each, traq{s\verse axis inclined at fan~? 4/3 to the
axis of, %,

10. Two p,sc(a,llel straight lines ;
;c\t~2y—|—1—0 and x+2y+ 6§=0.
11. \’Qw@ coincident straight lines.
12 An imaginary ellipse.
s“}S Two Imaginary straight lines.
" 14, Two straight lines ;  bx+2y=3 and 4x—3y=9.
15. Two imaginary straight lines. '

18. Hyperbola ; céntie {1, 1), Semi-axes /b and /5/2,
Asymptotes ¥—2y+1=0 and  x+2y—3=0;
axes parallel to co-ordinate axes. S
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17. Elipse ; axes 4x+3y—12=0 and 3x—4y+12=0,
Semi-axes 3 and 2.

1. Parabola; axes x—vy=0, vertex (afd, a/4), focus

(a2, af?).
19. Ellipse ; axcs x42y—2=0 and 2x—v+1=0, A
Semi-axes 3 and 3/2, \'\\ N
20. ¢=2/4/3; centre {—1/5, 3/B) ; axes %+ Qy—:‘ and
2x—y4-1==0. '\‘
21. Directrix 8x+2y+4=0; e=1/, S\s\
focus (12/13, 8/13). \g
\\ 1 A2

22, Centre (3/2, 1/2) ; Yoci gyfz =5
www . dbrau Ela?‘y org.in
23, Parabola; axisx+ 2y_~0 wertex (0, 0),

focus (—3;5, 3’10} Dlrecl:nx 4x—2y=3,

24, Hyperbola ; Centse‘“( 1/5, 7/5), Semi-axes 2 and
4/3; o=,A3/3, asymptotes 8x—y+3=0 and
4x+ Ty— 9&

Focus asﬁ,\a {2) ; Dircctrix x4 y=0.

L\ﬂ

L
@

"\, > Art 10412 (page 164)
1. &\- wy+ ¢ — 2% ~2y=0; An ellipse.
2& 9x3—+ 25y?* — 90x=0.
,:?::. . xSiner?J ~3x —4=0.

N4 g5,
v 5. 122% - 12xy-+11y7 — 245 - 52y=0.
Art, 10-21 (page 160)
1. Two.
4. 8x’+ 2hxy + 3y® — 32x - 18y +24=0.
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Art. 10-25 (page 169)
L {(x-y-2)x YD) HA2x+ y+2)(dx — v - &) =0,
For parabolas 1=0 or 1.
—Bay+39° —x+By - 2=0.
2. 228+4xy -8y ~5x — Hy4-2=0. A
Art. 10-31 (page 171)

. L B \
1. i‘;’i b -—]_ (‘*.S

Miscellaneous Exercises (pages 1\72\—‘173)
25(x = 3*4-9(y — B+ 2hay = 295. \
2. 34+ 5xy+ y2 - y42=0, ,\:i\ .

W

ax-+hy+ A\ \%
3. %H% {
hx+ ?_d b% v+ f
8. A line parallel to the lﬁle ]omlng the two giv ren
points apd passmg i:ﬁrough the origin.

B TyR - 24xy+20x.\0
x}
10. bz \ng X —aeP=0.
12 2x_y+y 1y - 1dy+1=0
fomm/(%;m 25/14).

13, j—:\b‘za +&" for those passing through the common

0; axis x-y=0;

AO ieb @ "
,:};\\ cetitre ; 5 = 7 for those not passing
o through the common centre,

D LA P PN WY
Art. 10-40 (page 174)

2% 2y?
g 4
3-8 5-1 1
242 + 2 1

3+4/5 1—}-\/5
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